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Abstract

Marine Populations exhibit complex dynamics that are forced by internal and exter-
nal in�uences. Internal drivers include self-regulating mechanisms and time-delayed
feedback processes, such as time lapse between prey ingestion and conversion of
ingested biomass into predator biomass. A major external in�uence is the e�ect of
varying degrees of resource available to the population. For stage-structured pop-
ulations, variable resource at one stage may impact the dynamics of other stages,
and a�ect the stability of the population trajectory, including its predictability on
di�erent time horizons. These attributes are also a�ected when marine populations
are subjected to withdrawals (�shing) and birth pulses.

This thesis uses a system of Delay Di�erential Equations (DDEs) to represent a
hypothetical two-stage structured (mature/immature) population model, with a de-
lay term in the conversion of prey biomass to predator biomass. It then investigates
the signi�cance of di�erent functional representations of the resource (prey), and
how varying functional parametrizations lead to di�erent types of dynamic forcing
at the immature population stage. The thesis also investigates how resource avail-
able to the immature stage indirectly regulates the dynamics of the mature stage,
for a Holling-II type resource function. Finally, using a system of Impulsive Delay
Di�erential Equations (IDDEs), the thesis investigates the combined e�ects of har-
vest and birth pulses, and time delays, in regulating the population dynamics and
its predictability. The thesis presents results from theoretical analysis and numerical
simulations.
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Chapter 1

Introduction

The goal of population dynamical modeling is to quantify the changes in species
population dynamics over time and in space. To achieve this goal, mathematical
models of varied complexities are developed and applied, [1, 9, 14]. For instance,
multi-species population dynamical models consist of several, single species systems,
where each subsystem incorporates parameters such as birth and death rates, to
describe the intra- and interspecies variations [14]. In general, the parameters of a
population dynamics model and the terms in which the parameters appear, describe
population growth or decline, and other dynamical attributes. These attributes
dictate the population stability, variations around stable points, population cycles
or chaotic behavior [9]. System dynamics depend also on the population density,
biological or ecological processes [14]. In addition to reproduction and detection
of system properties, mathematical population models are applied to understand
dynamical behavior and to identify its causation [13].

The basis for mathematical population models are di�erential or di�erence equa-
tions [1]. The former describes the dynamics in continuous time, while the latter
does so in discrete time. Over the years, di�erent modeling approaches have evolved
since in practice, a mathematical model is built for a speci�c problem, depending on
both, the background information about the population system and the questions
being addressed. For instance, Ordinary Di�erential Equations (ODEs) have been
used for growth models, while Partial Di�erential Equations (PDEs) have been used
to model spatial distributions of populations [11, 15]. Stochastic Di�erential Equa-
tions (SDEs) serve as a tool to predict stochastic aspects of population dynamics
[12]. In the ODE growth model

du(t)

dt
= λu(t), (1.1)

with growth constant λ, the population density u(t) only depends on the time evo-
lution t [15], while in a PDE model of population's spread, the di�usion model is
given by

du(x(t), y(t), t)

dt
−D ∗

(
du(t)2

dx(t)2
+
d2u(t)

dy(t)2

)
= 0, (1.2)
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whereD is the Di�usion coe�cient [11]. In equation (1.2) the populations are moving
according to a Brownian motion random walk [11]. ODE models lack randomness, as
large population numbers are assumed [15]. The simplicity of ODE models accounts
for their popularity in population dynamics modeling, and in many other scienti�c
�elds [15].

Delay Di�erential Equations (DDEs) o�er the opportunity to include historical
values or feedback loops by introducing a time lag, τ [3]. Hence, delay di�erential
equations can describe natural phenomena more accurately than ODEs [3]. For
instance in predator-prey models, time lags facilitate the description of system re-
lationships, e.g., when the prey reacts on the action of the predator with certain
time retardation [12]. An example expression for a DDE model is the Hutchinson
equation, (1.3):

y′(t) = r · y(t) ·
(
1− y(t− τ)

K

)
, (1.3)

where r > 0 is the growth rate, K > 0 is the carrying capacity, and τ represents the
time lag [3].

The Hutchinson model shows that changes in population growth at time t de-
pends on the earlier population density y(t−τ)

K
[3]. In recent years, time delays and

impulsive e�ects have gained attention as attributed that need to be accounted for
in order to improve population dynamical modeling, [2, 3].

Impulsive Di�erential Equations (IDEs) simulate sudden variations during a
�eeting time window [2]. Impulses (shocks) a�ect the stability, cyclic and asymp-
totic behavior of the system [17]. A main scienti�c concern is, if and when impulses
in�uence population dynamics or leave them unchanged. The analysis is challeng-
ing, even when the structure of IDEs, at a �rst glance, appears to be simple. An
example for an IDE system is equation (1.4),

dx(t)

dt
= f(t, x(t)), (1.4)

where f : {t1, ..., tm,m ∈ N} × Rn 7→ Rn, t ∈ [0, b], b ∈ R+ is a linear or non-linear
function, together with an impulse e�ect in equation (1.5)

I(x(tk)) = x(t+k )− x(t−k ), (1.5)

at given time events tk, k = 1, ...,m. Hence, at the temporal events tk, k ∈ [m],m ∈
N the di�erential equation (1.4) receives shocks, when the phase component x(t)
changes according to (1.5) [2].

More recently, Delay Di�erential Equations with impulses (Impulsive DDEs�
IDDEs) have evolved out of the quest to understand the e�ects of integrating time-
delay and impulse variables within the same model. As IDDEs are the union of
respectively, DDEs and IDEs, they possess the advantages and properties of their
two parental systems. The existing literature shows that IDDEs have been analyzed
with respect to e.g. stability and periodicity [4, 10, 17].
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This thesis contributes to the modeling literature by examining a single-species,
stage-structured DDE model. By considering the e�ects of �shing and birth pulses
on the population trajectory, the modeling framework is extended to include IDDEs.
Using the DDE and IDDE models, the thesis examines how resource variability
(de�ned by di�erent functional forms) for the immature-stage a�ects the population
trajectories of all the population stages. Beside the e�ect of resource availability,
the role of delays and impulses on the marine population, and their e�ect on the
system predictability, are central to the thesis. The results are presented as three
sequel technical papers.

The rest of the thesis is structured in the following way:

Chapter 2 deals with the main model, its structure and scope, while Chapter 3
presents and summarizes the Technical Reports. In Chapter 4 follows the conclu-
sion. Chapter 5 summarizes presentations and conferences, where the parts of the
thesis are presented. Appendix A includes the Technical Reports, which have been
published as Technical Working Papers at the University of Bergen, Norway.



Chapter 2

Model, Scope and Structure

This chapter describes the main model and discusses its structure.

Model description

We consider a two-stage-structured, single species, population model. The two
population-stages are immature x(t) and mature y(t). Further, we assume that
the immature feed on a resource z(t), which is changing with respect to a varying
resource-growth function f(z(t),θ) and parameters θ. The mature however feed on
an external source, whose structure is neglected in the model considerations. The
population model is a delay-di�erential equation (DDE) model, which will be, at
some point of the analysis, exposed to shocks, and hence becomes a delay-di�erential
equation model with impulses (IDDE).

Table 2.1: Nomenclature for the basis-model (2.1)

z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
y(t) ∈ R+ Biomass of mature population
t ∈ R Simulation time
z∗ ∈ R+ Equilibrium of the resource population
x∗ ∈ R+ Equilibrium of the immature population
y∗ ∈ R+ Equilibrium of the mature population
τi ∈ R, i ∈ {1, 2} Time delays
f(z(t),θ) : R+ 7→ R+ Resource-growth-function
θ ∈ R Parameter-set of the resource-growth function f(z(t),θ)
dx ∈ (0, 1), dy ∈ (0, 1) Mortality rate of x(t), y(t)
ax ∈ R+ Resource uptake rate of the immature population
µ ∈ (0, 1) Resource conversion rate
δ ∈ (0, 1) Maturation rate

A description of the parameters of the basis model (2.1) are presented in Table
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2.1,

S0 ≡





ż(t) = f(z(t),θ)− axx(t)z(t),
ẋ(t) = µxaxz(t− τ1)x(t− τ1)− (dx + δ)x(t),
ẏ(t) = δx(t− τ2)− dyy(t).

(2.1)

In general, one can distinguish between constant, time-varying, distributive,
state-dependent commensurate and non-commensurate delay types [16]. The thesis
deals with constant delays only. Other types of delays, though interesting, are be-
yond the scope of this thesis. To identify the in�uence of history on the dynamics,
(2.1) is rewritten, and the present model state is separated from the delayed state:



ż(t)
ẋ(t)
ẏ(t)


 =

=:Matrix A︷ ︸︸ ︷

f(z(t),θ) −axz(t) 0

0 −(dx + δ) 0
0 0 −dy


 ·



z(t)
x(t)
y(t)




+




0 0 0
0 µxaxz(t− τ1) 0
0 0 δ




︸ ︷︷ ︸
=:Matrix B

·




1
x(t− τ1)
x(t− τ2)




Matrix A describes the population structure independent of the history. The
resource z(t) growth is according to f(z(t),θ), and its consumption rate by x(t) is
given by µaxz(t). Row two describes the loss of the immature biomass via natural
death dx and maturation δ, while row three re�ects the loss of matured individuals
due to natural death with rate dy.

Matrix B is the history-dependent part of the model. The non-linear term
µxaxz(t− τ1)x(t− τ1) describes the biomass conversion from resource z(t) into the
immature-biomass x(t). The mature however, increase in biomass only through the
maturation rate δ of the immature x(t− τ2).

Aim and Scope

The main aim is to understand aspects of resource-dependent population dynamics,
and the relation to feedback loops and impulses. We base the main analysis on
model equation (2.1), while di�erent questions are addressed in the three Technical
Reports.

The DDE-system

Using the system of equations de�ned by the DDE-system, we aimed at addressing
the following problems:
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A.1 The e�ect of di�erent resource-growth-functions on the population-states and
system stability.

A.2 The role of delays for the system dynamics, stability and predictability.

A.3 The relation between resource availability and predictability.

The IDDE-system

Using the DDE system with impulses (IDDE), we examine:

B.1 The e�ect of di�erent resource-functions on the population-states.

B.2 And the role of delays for the system dynamics and its predictability.

B.3 The e�ect of birth and harvest impulses on the dynamics.

• Report 1: [7], looks mainly at the e�ect of di�erent resource-sources on the
stability of the immature-state and the role of delays in this relationship. It
addresses A.1 and A.2.

• Report 2: [5], studies the e�ect of resource on the mature-state. The resource
enters into the mature state via the immature population. Furthermore, the
manuscript analyzes the connection and the impact of resource parameters
and delays on the population dynamics and the system predictability. This
part analyses A.2 and A.3.

• Report 3: [6], incorporates birth and harvest impulses, and examines how
these perturbations a�ect the dynamical system and its predictability. The
Report �nds solutions to B.1, B.2 and B.3.



Chapter 3

Compendium of the Reports

The present chapter contains the main aim, a brief summary and conclusion of each
Technical Report. The manuscripts are included in Appendix A.

The E�ect of Resource Dynamics on Marine Popula-

tion Trajectories and Stability

Main aim

This paper investigates the e�ect of varying resource on the dynamics and stability
of a marine population. We analyze a two-stage structured (mature/immature)
population model with a delay term in the conversion of resource into biomass.

We investigate the signi�cance of di�erent functional representations of the re-
source, and how varying functional parametrization lead to di�erent types of dy-
namic forcing at the immature population stage. The paper presents theoretical
analysis and results from numerical experiments.

Summary and Conclusion

The immature population is not ruled by the amount of available food, but by the
structure of how the resource-function enters into the system and by the delay time
of the feedback-cycle.

This manuscript highlights essential factors that in�uence the population devel-
opment, the equilibrium type and stability. These are:

• The pro�le and the parameters of the resource-growth-function, as well as the
resource conversion rates.

• Time delay τ1.
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Predictability of Marine Population Trajectories�the

e�ect of delays and resource availability

Main Aim

This paper studies the stability and dynamics of a stage-structured (immature/ma-
ture) population. The emphasis is on how resource available to the immature stage
indirectly regulates the dynamics of the mature stage, where the resource is de�ned
by a Holling-II type function.

We present results from numerical experiments, where inference about stabil-
ity and predictability of the system dynamics is based on the theory of Lyapunov
exponents.

Summary and Conclusion

The analysis pointed out that there exists a critical delay value, τ ∗, at which the
system switches from stable to unstable dynamics. Hence, as long as delay τ1 is
smaller than a critical τ ∗, the system is stable. Beside the delays, the resource-
function had large impact on the system dynamics:

• The resource-growth function can in�uence the value of the critical τ ∗, and
therewith in�uence the stability and predictability of the system.

• Dependent on the size of the delays, the resource-growth-parameters had dif-
ferent e�ects on the dynamics.

• The resource-growth function determines whether the system converges to a
�x point, a limit cycle, a torus or an attractor, and whether the dynamics
transits into chaos.

The mature population is a�ected by the resource in a similar manner as the
immature.
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Predictability of Marine Population Trajectories un-

der the E�ect of Birth and Harvest Pulses

Maim Aim

This paper presents the analysis of a single-species and stage-structured model with
focus on understanding (i) the e�ect of harvest and birth pulses, and (ii) the role
of delays, in regulating the dynamics of the perturbed system and its predictability.
The paper presents results from numerical experiments.

Summary and Conclusion

It was observed that under impulses, varying resource-growth parameters showed
marginal e�ect on the dynamics. Therefore, we concentrated the analysis on the
e�ect of impulses only. We considered birth, harvest impulses and a combination of
both.

The experiments emphasized the importance of the delay-size τ1 for the system
predictability under impulses:

• A small τ1 resulted in stable, and predictable dynamics. The resulting time
series were regular, as the motion on the attractor was less random.

• For intermediate values of τ1, we observed short term predictable dynamics.
The system showed periodic and multi-periodic patterns.

• Under large delay τ1, the dynamics ended up in chaos.

Di�erent impulse frequencies showed e�ect on the dynamics. However, of all exam-
ined e�ects, it seemed that the delay size is the most important instance for the
dynamics of the IDDE-model under constant impulsive strength. The delay size
dictates the motion on the attractor and the pattern of the time series, and hence
predictability.



Chapter 4

Conclusion

For non-impulsive systems, the functional structure of the resource dictates the
system dynamics and population trajectory. It also determines critical delay times
with respect to, e.g. stability and predictability.

More generally, for the system studied, the delay in the biomass conversion
has been shown to be the most ruling instance. It regulates the system stability,
its equilibrium and predictability. Even the e�ect of impulses on the dynamics is
moderated by the size of the delay variables. The analysis has shown that models
with large delay values are not predictable, as the dynamical structure becomes
chaotic. Unpredictability is strengthened when impulses are introduced into the
system. The numerical experiments have shown that time series of the system
dynamics contains information about the size of the time delay.
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Chapter 5

Presentations/Conferences

• Technical Report 1: To be presented at University of Bergen, Department of
Informatics, Norway [09.June, 2016].

• Technical Report 2: Oral Presentation at the Conference Emerging Trends of
Applied Mathematics and Mechanics (ETAMM 2016) in Perpignan, France,
[30.May-03.June, 2016]. Conference Paper: [8].

• Technical Report 3: To be presented at the ICES (International Council for
the Exploration of the Sea) Working Group on Recruitment Forecasting in a
Variable Environment (WGRFE) in Ispra, Italy, [13.June-18.June, 2016].
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Appendix A

Technical Reports

1. Technical Report # 412:

The E�ect of Resource Dynamics on Marine Pop-

ulation Trajectories and Stability

2. Technical Report # 413:

Predictability of Marine Population Trajectories�

the e�ect of delays and resource availability

• Conference Paper�ETAMM, 2016

3. Technical Report # 414:

Predictability of Marine Population Trajectories

under the E�ect of Birth and Harvest Pulses

Department of Informatics

University of Bergen
Bergen, Norway
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Abstract

This paper investigates the effect of varying resource on the dynamics
and stability of a marine population. We analyze a two-stage structured
(mature/immature) population model with a delay term in the conversion of
resource into biomass.

We investigate the significance of different functional representations of the
resource, and how varying functional parametrization lead to different types
of dynamic forcing at the immature population stage. The paper presents
theoretical analysis and results from numerical experiments.
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1 Introduction

In the literature, food is considered as limiting factor of population growth, simi-
lar to fecundity or survival rates [35]. Ecologists have observed this phenomenon,
explicitly for single-species, where population dynamics tend to fluctuate, cycle or
exhibit behaviors that depend on resource [5, 32, 38]. In [30], it is shown that two
disjoint species may react differently to their changing food environments.

The knowledge about the limiting instance of food on population dynamics ex-
tends to predator-prey models, with prey being considered as the resource [16].
Limited food-source in a food-chain model leads to competition, which affects pop-
ulation growth and stability [2]. In a broader context, predator-prey models extend
to food-chain models, or to food-web models for several species [27]. Food-chain
and food-web models have been of ecological and mathematical interest as tools for
understanding the effect of food on several trophic levels [17, 29]. In the same way as
food-competition between species (inter-competition) affects population dynamics,
also competition within the same species (intra-competition) influences the system
[12].

Mathematical models, which deal with food-limitations often include the logistic
function, and the Lotka-Volterra model [19]. The former models population growth
with restricting growth factor via the carrying capacity, which links up with the
growth rate of the species. The Lotka-Volterra model represents a predator-prey
model with food-limitation in the prey population.

Food conversion into the biomass of a predator can be modeled with Ordinary
Differential Equations (ODEs), where biomass conversion from prey to predator oc-
curs without a time lag. In population growth models however, the incorporation of
a time-lag in the model is more realistic than assuming an immediate growth effect
on the population [1, 3]. Thus lag in a model may describe the food-availability
over a time-period in the past which influences the populations growth or biomass
at present time [1]. In [3] Delay-Differential-Equation (DDE) models were used, for
example, to model the ability of micro-organisms to convert nutrition into biomass
some time after the nutrition-intake. In [26] a predator-prey model is merged to-
gether with an age-structure- and a delay-model to analyze the effect of delays on
the populations age-structure and its effect on the predator-prey dynamics.

Models that consider physiological structures in group structures with respect
to several maturation states, like juveniles and adults or immatures and matures
are known as stage-structured models. Stage-structured models consider the role of
food, as each stage-group has different feeding-habits [14]

The aim of this working paper is to analyze the effect of different resource
instances on the dynamics and the stability of a stage structured population model.
In the following, we investigate the influence of resource and the role of delays on
the immature population dynamics and the system stability of the immature state.

The model is made more realistic by introducing a delay term into the non-linear
relationship between the resource function and the immature population stage. This
nonlinear delay relationship, which links the biomass evolution of the state-group
with the resource is special, because the population growth dependents on the re-
source and the population biomass over the same time-span in the past. In practice,
this dependency is, in addition, restricted by the amount of overlap between the
population and the resource. In other words, the amount of resource the population
can take in, depends on the overlap between resource and predator, as well as the
rate of biomass conversion from resource biomass to predator biomass.

The present working paper is the first in a sequel of three manuscripts. The
emphasis in this paper is to analyze the effect of different resource-functions on the
stability and the biomass-dynamics of the immature state. The second manuscript
will look at the effect of resource availability and delays on the predictability of
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the system population. A third manuscript will look at the effect of impulses and
delays on the population and its predictability.

The rest of the present manuscript is organized in the following way. Section 2
describes the model details, followed by the theoretical stability analysis in Section
3. Section 4 presents the results from the numerical simulations. Section 5 describes
the role of delays on the dynamics. In Section 6 we compare and summarize theory
and simulations. The conclusions are drawn in Section 7. The paper finishes with
an outlook on possible extensions of this work.

Appendix A is an extension to Section 4. This appendix presents the compu-
tational tool for the integration of a system of DDEs. The Appendix B shows the
proofs of the propositions from Section 3. Appendix C presents some basic defini-
tions and classifications, while Appendix D shows the definition of the Lambert-W-
function. Appendix E presents all tables referred to in the course of the manuscript.

2 Model Description

Throughout this work, we adopt the nomenclature in Table 1. The present model
looks only at the effect of the resource z(t) on the immature population state x(t).
The base-case model is given by equation (1):

{
ẋ(t) = µaxz(t− τ1) · x(t− τ1)− dxx(t)− δx(t),
ż(t) = f(z(t), θi)− axz(t)x(t), i ∈ {1, 2, 3}, (1)

where i is an index over parameter sets, θi, for different functional representations
of the resource. The parameter dx is the death rate of the immature population,
while δ is the rate at which a part of the immature stage transits to the mature
stage. The constant ax represents the percentage of food uptake at (t− τ), with τ
representing the retardation in the feedback-cycle between ingestion and biomass
growth. The parameter µ controls how much of the resource uptake is converted
into biomass. Thus, the food induced biomass increase ẋ(t) at t, is regulated by the
prior population biomass and the resource density.

We aim at examining the effect on the immature biomass, as a consequence of
different resource-growth functions f(z(t), θi), i ∈ {1, 2, 3} according to the cases in
(2). For f(z(t), θi) : R+ 7→ R+ and i ∈ {1, 2, 3} we define:

f(z(t), θi) ∼





C, i = 1
Holling-II, i = 2
Quadratic, i = 3,

(2)

where C ∈ R+, Holling-II ([7]) and Quadratic refer to the Holling-II- and quadratic
functions, respectively. The growth-function f(z(t), θi), i ∈ {1, 2, 3}, in itself, de-
scribes the growth-unit of the resource function z(t), without any disturbance of
the immature. The functions in (2) will be used explicitly in the next chapters.

Given the growth-element f(z(t), θi), i ∈ {1, 2, 3} of the resource function z(t),
we impose further the following condition on the resource function z(t):

Condition 1. (Basic condition) z(t) : R+ 7→ R+, ∀f(z(t), θi), i ∈ {1, 2, 3}.

The next chapter presents theoretical stability analysis of model (1), given dif-
ferent instances of f(z(t), θi) defined in (2). The theoretical analysis is based on
the stability of non-trivial equilibrium of the system and the dependence on the
resource-parameters. We derive the characteristic equations and calculate the eigen-
values of the systems. Based on the eigenvalues, we classify the equilibrium and
make inference about its stability, see e.g., [28].
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3 Theoretical Analysis

3.1 Case 1 – Constant resource

Suppose f(z(t), θ1) : R+ 7→ R+, f(z(t), θ1) = C. We derive from (1),

ẋ(t) = µaxz(t− τ)x(t − τ) −Mx(t) (3)

ż(t) = C − axz(t)x(t). (4)

At equilibrium,

x(t) = x(t− τ) = x∗, z(t) = z(t− τ) = z∗, ż(t) = 0, ẋ(t) = 0.

and the system of equations (3)-(4) yields:

(x∗, z∗) ≡
(
µC

M
,
M

µax

)
. (5)

Since µ, ax, M are all positive, the equilibrium point (x∗, z∗) is in the first quadrant
of the x− z plane.

Analysis of the non-trivial equilibrium

We define new co-ordinates,

x1 = x− µC

M
, x2 = z − M

µax
, (6)

and transform the system (3)-(4) into

ẋ2 = C − ax

[
x2 +

M

µax

] [
x1 +

µC

M

]
, (7)

ẋ1 = µax

[
x2(t− τ) +

M

µax

] [
x1(t− τ) +

µC

M

]
−M

[
x1 +

µC

M

]
. (8)

We linearize around (0, 0), neglecting higher order terms, to obtain:

ẋ2 = −x2
µaxC

M
− x1

M

µ
, (9)

ẋ1 =
µ2axC

M
x2(t− τ) +Mx1(t− τ) −Mx1. (10)

Let x = [x1 x2]
T , x = Keλt, and K = [k1 k2]

T . From (9) and (10), we derive

k1 = −k2
(
µ2axC

M2
+ λ

µ

M

)

k1
(
λ−Me−λτ +M

)
= k2

µ2axC

M
e−λτ

which we combine to arrive at (assuming µ 6= 0)

λ2 − λMe−λτ + (M +
µaxC

M
)λ+ µaxC = 0. (11)

Equation (11) is the characteristic equation of the system.

5



Analysis of the zero-delay system

Proposition 3.1.1. For τ = 0, the stationary point (5) is a stable node for C ≥
4M2

µax
. The stationary point is a stable spiral when C < 4M2

µax
.

For the proof of Proposition 3.1.1 see Appendix B.
The next subsection examines the case when τ 6= 0. We derive regions {R(λ), R(λr)}

and {R̃(λ), R̃(λr)}, for which the equilibrium can theoretically become respectively
stable and unstable.

Analysis of the non-zero delay system

Here, we consider the case for τ 6= 0. We first derive an expression for τ , from the
characteristic equation (78) (Appendix B), and obtain

τ =
1

λ
log

(
λM

λ2 +Bλ+K

)
, τ > 0. (12)

From the characteristic equation, we derive stability regions of the eigenvalues
for τ > 0, based on the zeros of the characteristic equation (79).

Let λ− and λ+ be the zero-solutions of (79), respectively in R− and R+,

• then R(λ) corresponds to all λ ∈ R− : λ < λ−,

• then R̃(λ) corresponds to all λ ∈ R+ : λ < λ+.

Let λ−r ∈ R− and λ+r ∈ R+ be respectively, the negative and positive real parts of
λ ∈ C, where λ is the zero-solution of (79),

• then R(λr) corresponds to all λ ∈ C : λr < λ−r ,

• then R̃(λr) corresponds to all λ ∈ C : λr < λ+r .

Figure 1 gives an illustration of the regions R(λ) and R̃(λ).

Figure 1: Illustration of the regions R(λ) and R̃(λ)
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For τ > 0 and λ2 +Bλ+K = λM , we deal with the following instances.

Sub-case [λ ∈ R]:

• Case 1: R(λ) := {(λ < 0) ∩
(

λM
λ2+Bλ+K < 1

)
} for stable equilibrium

• Case 2: R̃(λ) := {(λ > 0) ∩
(

λM
λ2+Bλ+K > 1

)
} for unstable equilibrium

Sub-case [λ ∈ C]:

• Case 1: R(λr) := {(λr < 0) ∩
(

λM
λ2+Bλ+K < 1

)
} for stable equilibrium

• Case 2: R̃(λr) := {(λr > 0) ∩
(

λM
λ2+Bλ+K > 1

)
} for unstable equilibrium

In the following, we consider examples for λ ∈ R. These cases show that the
region of positive eigenvalues is an empty set {}. Therefore, we expect the system,
for the present example, to only have stable equilibrium.

Case 1 – (λ ∈ R)

From
(

λM
λ2+Bλ+K < 1

)
, we define f(λ) = λ2 + λ(B −M) +K, ans seek the region,

for which f(λ) > 0, ∀λ ∈ R−. As λ is always negative for (B −M) > 0, it holds
that all λ ∈ R−. Hence, the region R(λ) is non-empty, i.e.

R(λ) := {(λ < 0) ∩ (f(λ) > 0)} 6= {}. (13)

Case 2 – (λ ∈ R)

The region, such that ∀λ ∈ R+, f(λ) < 0 is empty {}, as λ > 0 is only satisfied for
M > B. But this is a contradiction to the definition of M and B (see the proof of
Proposition 3.1.1). Hence,

R̃(λ) = {(λ > 0) ∩ (f(λ) < 0)} = {}. (14)

The parabola f(λ) for the present example does not cross f(λ) = 0. Therefore
f(λ) > 0, ∀λ ∈ R and hence, the region R(λ) 6= {}.

Figure 2 shows the plot of τ against λ from (12). We observe that R̃(λ) is always
empty since for λ > 0, ∄ τ > 0, and that ∀C and ∀ τ > 0, the equilibrium is stable.
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Figure 2: τ(λ)-function

We deduce from Figure 2 shows that the eigenvalues are always in the region
of R(λ), i.e. λ < 0. A difference in the resource-level, changes the τ -values. The
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equilibrium corresponding to Figure 2.a is a stable spiral for τ ≤ 1. Increasing C,
leads to 2.b , where ∀ τ 6= 0, λ < 0. Hence the equilibrium is stable independent
of the τ -value. Thus, whether the equilibrium is a stable node or a stable spiral,
depends on the value of C and τ .

• For a fixed and low C-level with initial τ = 0, the equilibrium changes from a
spiral into a node, while τ increases.

• For a fixed and high C-level with τ ∈ (0 1], the equilibrium is a stable node.
With τ >> 1, the system becomes numerically instable.
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3.2 Case 2 – Holling-II function

In this section, f(z(t), θ2) is defined by the Holling-II function in Definition 3.1.

Definition 3.1. (Holling-II function and dynamics) The Holling-II function (see
[7]) is defined with a = αb, a ∈ R+, b ∈ R+, α ∈ N

f(z(t), θ2) =
az(t)

b+ z(t)
, (15)

=
αz(t)

1 + 1
a
α
z(t)

. (16)

where f(z(t), θ2) describes the resource-growth function and z(t) the resource den-
sity. Equation (15) corresponds to the Michaelis-Menten dynamics in enzyme ki-
netics, while the formulation in (16) is known as the Holling disc equation [10].
f(z(t), θ2) will approximate the value α asymptotically as t → ∞, while at t = a

α
the resource reaches half of its maximal population density.

We make the following observations and remarks:

Remark 3.1. (Holling-II function f(z(t), θ2))

• If a >> b and α >> 1, then f(z(t), θ2) ≈ constant. This is dealt with in case
of a constant resource-growth-function.

• If a << b and α << 1 then f(z(t), θ2) → 0. The result of zero-resource is both
trivial and uninteresting. This scenario will therefore not be pursued further.

• We shall require that a ≈ b, a = αb, and µ < 1 in equation 1.

We derive

ẋ(t) = µaxz(t− τ)x(t − τ)−Mx(t), (17)

ż(t) =
az(t)

b+ z(t)
− axz(t)x(t). (18)

We identify two equilibrium points

P1 ≡ (0, 0) and P2 ≡
(

aµ

bµax +M
,
M

µax

)
,

and introduce a co-ordinate transformation by

x1 = x− aµ

bµax +M
, (19)

x2 = z − M

µax
, (20)

which we substitute into (18) and (17), linearize around (0, 0) and neglecting all
second order terms, to arrive at

ẋ1(t) = Mx1(t− τ) +
aµ2ax

bµax +M
x2(t− τ) −Mx1(t). (21)

ẋ2 =
−Mµaax

(M + bµax)2
x2 −

M

µ
x1. (22)

In deriving the characteristic equation, let x = [x1 x2]
T , x = Keλt, K = [k1 k2]

T ,
and substituting x = Keλt into (21) and (22) leads respectively to

k1(λ−Meλ(−τ) +M) = k2(K1e
λ(−τ)), (23)

k1 =
−µ
M

(λ−K2)k2, (24)
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where

K1 =
aµ2ax

bµax +M
, (25)

K2 =
−aµaxM

(bµax +M)2
. (26)

We derive the characteristic equation (27) for the Case 2 system by combining (23)
and (24).

λ2 − λMe−λτ + λA+ e−λτB − C = 0, (27)

where

A = M −K2,

B = (K2M +
MK1

µ
),

C = K2M.

The zero-delay system

Proposition 3.2.1. The non-trivial equilibrium point P2 is a stable node or a
saddle point for τ = 0, when 4 < aµaxM

(bµax+M)3 . Let B be a threshold for b, i.e.

b ∈ (0 B] or b ∈ (B ∞). Then when

• b > B, the equilibrium is a stable node.

• b < B, the equilibrium is a saddle point.

The non-trivial equilibrium point P2 is a spiral for τ = 0, when 4 > aµaxM
(bµax+M)3 .

For b ∈ (0 B], respectively b ∈ (B ∞), we derive

• If b < B, P2 is a stable spiral.

• If b > B, P2 is an unstable spiral.

• If the parameters are such that λr = 0, the equilibrium is a limit cycle.

Remark 3.2. For the numerical experiments, we choose b to be bounded, i.e. b < B.
Hence, the equilibrium is a stable spiral.

Remark 3.3. The equilibrium points for τ 6= 0 are equal to the situation in Propo-
sition 3.2.

The next subsection, examines the case when τ 6= 0. In this situation, we
derive regions {R(λ), R(λr)} and {R̃(λ), R̃(λr)}, respectively for stable and unstable
equilibrium.

The non-zero delay system

We consider the case for τ 6= 0 using τ defined in (27). Since τ > 0 and λ2+λA−C =
λM −B, we deal with the following cases.

Sub-case [λ ∈ R]:

• Case 1: R(λ) := {(λ < 0) ∩
(

λM
λ2+Bλ+K < 1

)
} for stable equilibrium

• Case 2: R̃(λ) := {(λ > 0) ∩
(

λM
λ2+Bλ+K > 1

)
} for unstable equilibrium
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Sub-case [λ ∈ C]:

• Case 1: R(λr) := {(λr < 0) ∩
(

λM
λ2+Bλ+K < 1

)
} for stable equilibrium

• Case 2: R̃(λr) := {(λr > 0) ∩
(

λM
λ2+Bλ+K > 1

)
} for unstable equilibrium

See Figure 1 for the illustration of the regions R(λ) and R̃(λ).
We consider two example cases for λ ∈ C, which show the dependence of stability

regions on the value of b.

Case 1 – (λ ∈ C)

From
(

λM−B
λ2+λA−C < 1

)
, we define f(λ) = λ2+(A−M)λ+(B−C) and seek the region,

such that f(λ) > 0, ∀λ ∈ C. For b < B (see Proposition 3.2) and discriminant ∆ < 0
(from equation (83)), it holds that f(λ) > 0 for negative real part of the eigenvalue,
i.e. λr < 0. Therefore

R(λr) := {(λr < 0) ∩ (f(λ) > 0)} 6= {}. (28)

Case 2 – (λ ∈ C)

We aim to find the region such that ∀λ ∈ C, f(λ) < 0. From the proof of
Proposition 3.2 (in Appendix B) and condition b > B,

R̃(λr) = {(λr > 0) ∩ (f(λ) < 0)} 6= {}. (29)

The parabola f(λ) from the Holling-II function for this example has no zeros,
as b < B. Therefore f(λ) > 0, ∀λ ∈ C and hence, the region R̃(λr) = {} for τ ≤ 1.

In Figure 3.b, we observe that the stability of the equilibrium changes depending
on the resource-parameter. Thus, if b > B as in Figure 3.b, R̃(λr) is not empty,
λ > 0 and hence λr > 0.

Thus, in general under fixed parameter value τ , a change in the resource leads
to a different situation at the equilibrium point. But also a change in τ under the
condition b < B can destabilize the equilibrium, if τ becomes too big. However, if
the resource-parameter are such that b > B, then the equilibrium becomes unstable
independent of τ .
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Figure 3: A plot from the τ(λ)-function from (27)

Conclusion:

We can conclude that the stability and the equilibrium type depends on the param-
eters b and τ .
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3.3 Case 3 – Quadratic function

We assume that f(z(t), θ3) is a quadratic-function with a 6= 0, b 6= 0, where for
a ∈ R, a = αb, b ∈ R, α ∈ R. We define

ẋ(t) = µaxz(t− τ)x(t − τ) −Mx(t) (30)

ż(t) = z(t)(a− bz(t)− axx(t)). (31)

We make the following assumptions:

Assumption 1. Let a = αb, a ∈ R, b ∈ R, α ∈ R.

• In order to derive realistic numerical results (i.e. no extinction, explosion or
numerical collapse), there exist scalars A1,2 ∈ N, B1,2 ∈ N for a, b, such that

a b

if a > 0, a < A1, if b > 0, b < B1,
if a < 0, a > A2, if b < 0, b > B2,

• and, there exists c1,2 ∈ N, such that 0 < c1 ≤ α ≤ c2.

Let K = µax. Then from (30) and (31), we derive three equilibrium equilibrium
points {P1, P2, P3}, which are defined by:

P1 ≡
(−Mb+Ka

Kax
,
M

K

)
, P2 ≡

(
0,

a

b
= α

)
, P3 ≡ (0, 0) .

3.3.1 Analysis of equilibrium point P1

We define the new co-ordinates for the equilibrium point P1,

x1 = z − M

K
, (32)

x2 = x− aK − bM

Kax
(33)

Substituting (32) and (33) respectively, into the above equations (31) and (30),
we obtain after linearizing around (0, 0):

ẋ1 =
M

K
(−bx1 − axx2), (34)

ẋ2 =
(aK − bM)x1(t− τ)

ax
+ x1(t− τ)M −Mx2(t). (35)

Let x = [x1 x2]
T , x = Keλt, and K = [k1 k2]

T and from (34) and (35), we
derive

k1(λ+
M

K
b) = −k2ax

M

K
, (36)

k2(λ+M −Me−λτ ) = k1e
−λτ aK − bM

ax
. (37)

Combining the equations (36) and (37), we derive the characteristic equation

λ2 + λA− λMe−λτ − e−λτB + C = 0, (38)

where

A =M(
b

K
+ 1), B = (M(2b

M

K
− a)), C = b

M2

K
.
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The zero-delay system

The stability of the zero-delay system with a quadratic food-source f(z(t), θ3) de-
pends strongly on the parameters b and α. We identify three distinct stability
instances, which are stated as mathematical propositions. Define the discriminant
∆ by

∆ = (A−M)2 − 4(C −B). (39)

Proposition 3.3.1 (Positive Discriminant). If ∆ in (39) is such that ∆ > 0, then
the system is

• Stable (stable node) if b > 0 and b > 4K, while α > −M
K .

• Unstable (saddle node) if b < 0 and b < −4K, while α < −M
K .

For the proof of case ∆ > 0 of equation (39) see Appendix B.

Proposition 3.3.2 (Zero Discriminant). In the case when ∆ = 0, b 6= 0, and
b = 4K(αKM + 1), the system is

• Stable (stable node) if α > −M
K and b > 0

• Unstable (unstable node) if α < −M
K and b < 0.

For the proof of case ∆ = 0 of equation (39) see Appendix B.

Proposition 3.3.3 (Negative Discriminant). When ∆ < 0, then the system is

• Stable (stable spiral) if b >> 0 and b < 4K, while α > −M
K

• Stable (limit cycle) if b ≈ 0, b > 0 and b < 4K, while α > −M
K

• Unstable (unstable spiral) if b << 0 and b > −4K, while α < −M
K

• Unstable (limit cycle) if b ≈ 0, b < 0 and b > −4K, while α < −M
K

For the proof of case ∆ < 0, see also Appendix B.

Remark 3.4. The equilibrium points for τ 6= 0 are equal to the situation in Propo-
sition 3.3.1-3.3.3. This is derived from equation (40).

The next subsection, examines the case when τ 6= 0 and regions {R(λ), R(λr)}
and {R̃(λ), R̃(λr)}, for the equilibrium stability.

Analysis of the non-zero delay system

We consider the case for τ 6= 0. From (38), we derive

τ =
1

λ
log

(
λM + B

λ2 + λA+ C

)
. (40)

Since τ > 0 and λ2 + λA + C = λM +B, we deal with these sub-cases.

Sub-case [λ ∈ R]:

• Case 1: R(λ) := {(λ < 0) ∩
(

λM
λ2+Bλ+K < 1

)
} for stable equilibrium

• Case 2: R̃(λ) := {(λ > 0) ∩
(

λM
λ2+Bλ+K > 1

)
} for unstable equilibrium
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Sub-case [λ ∈ C]:

• Case 1: R(λr) := {(λr < 0) ∩
(

λM
λ2+Bλ+K < 1

)
} for stable equilibrium

• Case 2: R̃(λr) := {(λr > 0) ∩
(

λM
λ2+Bλ+K > 1

)
} for unstable equilibrium

See Figure 1 for the illustration of the regions R(λ) and R̃(λ).
Let us consider the following example for λ ∈ C. We expect to see different

equilibrium points depending on b- and τ -values.

Case 1 – (λ ∈ C)

From
(

λM+B
λ2+λA+C < 1

)
, we derive f(λ) = λ2 + λ(A−M) +C −B. The region such

that f(λ) > 0, ∀λ ∈ C is given by

R(λr) := {(λr < 0) ∩ (f(λ) > 0)} 6= {}. (41)

Case 2 – (λ ∈ C)

The region such that ∀λ ∈ C, f(λ) < 0 is given by

R̃(λr) = {(λr > 0) ∩ (f(λ) < 0)} 6= {}. (42)

For the quadratic case in general, f(λ) has two zeros. Therefore the regions
R(λr) and R̃(λr) are non-empty. Values for b < 0 and very low τ -values (including
τ = 0), lead to stable equilibrium, while high τ -values lead to unstable equilibrium,
see Figure 4.a. From Figure 4.b, τ > 1 leads to unstable equilibrium, while for
τ < 1, we derive a stable situation for b > 0.
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Figure 4: τ(λ)-function

The sets of values in Case 1 (41) and Case 2 (42) are non-empty. These lead
to extended dynamical behaviors see Table 2, and the proofs for these cases can
be found in Appendix B. Here the resource parameter b influences, for which τ -
parameter the system has stable equilibrium. Depending on b, certain values for τ
can stabilize or destabilize the equilibrium point. In Figure 4.b for example, we can
observe the transition from a stable spiral, to a limit cycle and then to an unstable
spiral for increasing τ -values starting from 0. See also the Quadratic case in Chapter
5.
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3.3.2 Analysis of equilibrium point P2

We perform a co-ordinate transformation by defining

x1 = z − a

b
, (43)

x2 = x. (44)

which on substitution and linearizion yields

ẋ1 = −ax1 −
axa

b
x2, (45)

ẋ2 = µax
a

b
x2(t− τ) −Mx2. (46)

Let x = [x1 x2]
T , x = Keλt, and K = [k1 k2]

T , we get

k1(λ+ a) = −ax
a

b
k2, (47)

k2(λ− µax
a

b
e−λτ+M ) = 0. (48)

We identify two cases namely:

• For k2 = 0, the characteristic equation gives λ = −a. In general, as a ∈ R, λ
can be negative or positive. Hence, we can have a stable or an unstable node.

• For k2 6= 0, λ = µax
a
b e

−λτ+M , yielding,

λτe−λτ = τµax
a

b
eM . (49)

The eigenvalue λ is then

λ =
1

τ
W(τµax

a

b
eM ), (50)

where W(.) is the Lambert-W function, see Appendix D.
Writing x = Keλt, we can expect the following dynamics for different cases of

k2 and λ:

• For λ < 0, with k2 6= 0, the trajectories x1 = k1e
λt → 0 and x2 = k2e

λt → 0
for t→ ∞.

• For λ < 0 with k2 = 0, x1 = k1e
λt → 0 for t→ ∞ and x2 = 0, ∀t ∈ R.

This equilibrium point P2 = (0, ab ) describes the situation, where the immature
population is zero in the presence of food. Lets make some inference about stability:

• Condition k2 = 0, with λ = −a, shows that the system stability depends
directly on the resource-growth function.

• From (49) we derive the τ(λ)-function

τ =
1

λ
log(

µaxα

λ
) +

M

λ
. (51)

Hence, for τ > 0, the equilibrium is always unstable as λ > 0 (see Figure 5).
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Summary:

In general, the resource-parameter dictates the stability of the equilibrium, however,
a well chosen τ -value can also have a stabilizing effect on the equilibrium.

If the resource-parameter is chosen such that τ ∈ (0 ∞), then each increase in
τ will change the equilibrium point.

• In the Constant-resource case, for C = 0.125, an increase in τ resulted in a
change from a stable spiral to a stable node, while for C = 125, τ < 1 yields
a stable node.

• In the Holling-II function, for increasing τ , the stable equilibrium changes
into unstable equilibrium, when b > B. Depending on the other system-
parameters, we observe either a node or a spiral, see Proposition 3.2.

• In the Quadratic case, for b < 0, the stable spiral becomes unstable as τ
increases.

The next section covers numerical experiments to study the effect of the resource
on the population dynamics of the immature population. The equilibrium stability
is examined for the different resource-growth functions, as well as graphical anal-
ysis of the biomass-trajectories and visualization of the system-phase trajectories.
The integration of the DDE system of equations and analysis is performed on the
Matlab computational platform, using the dde23-Solver. For detailed information
about the computational attributes of the dde23-Solver, see Appendix A. The Padé
approximation, which is used for the numerical approximation of the eigenvalues
and (stability and discriminant) classifications can be found in Appendix C.
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4 Numerical Simulations

This section presents the graphical results from the model analysis. We describe the
biomass trajectories, as well as the phase-space plots of the dynamics. We consider
and discuss two scenarios for each of the resource functions.

For each growth-function f(z(t), θi), i ∈ {1, 2, 3}, the first plot will show the
biomass dynamics of the resource and the immature. From this plot we aim to check
if the system reached its equilibrium, and to understand the interaction between
the mature and immature population dynamics. The second and third plots will
show the immature and the resource phase-plots, from which we can check if the
populations follow the stability dynamics, which were indicated by the theoretical
analysis. A third graph will show the relationship between the resource, and delay
parameters, and the discriminant ∆, similar to [31]. This allows us to determine
the resource-parameters for which τ is optimal and to analyze its consequences on
∆.

The parameter values of each case and scenario are summarized in Table 4.
In order to classify the dynamics in phase-space, the calculated eigenvalues from
Table 5, will be compared with the classification in Tables 3 and 6.

Case 1 – Constant resource

We consider and compare Scenarios 3 and 5, see Table 4.

Scenario 3

Figure 6 shows the biomass trajectories for θ1, j = 3. We observe that the dy-
namics are characterized by oscillating and damping trajectories, which eventually
converge. This observation is emphasized by the phase plots, as the immature and
the resource function have spiral phase dynamics. We read from Figure 6, that
both trajectories converge to (z∗, x∗) = (0.50, 0.17), which is in agreement with the
theoretical equilibrium of (z∗, x∗) = ( M

µax
, µCM ) = (0.500, 0.167) for θ1, j = 3.

The numerical computations (see Table 5), give a complex conjugate pair (where
λr < 0) and one real eigenvalue, λ < 0 which, according to Table 3, should result
in a stable point. The computed results are in agreement with the trajectory ob-
servations and the phase plot dynamics.

Figure 6.d shows ∆(τ, C), as a function of the delay τ , and the resource growth-
term C. The figure shows that ∆(τ, C) is increasing for τ ≥ 7.5 and C ≥ 10.0, while
it is negative for τ ∈ [4.0, 7.5]. We have assumed τ = 1.0 for the simulation, and

C < 4M2

µax
(see Proposition 3.1.1). From Figure 6.d, ∆(1, C < 2.0) < 0, and from

the criteria in Proposition 3.1.1 and Appendix B, we deduce that the stationary
point is a stable spiral.

Scenario 5

For this scenario, the values of µ and C were increasing with decreasing food-
uptake rate ax (compared to Scenario 3). We observe that the trajectories in
Figure 7, in contrast to Scenario 3, oscillate longer before they approximate the
equilibrium point, (z∗, x∗) = (3.00, 0.30), which are consistent with the theoretical
values (z∗, x∗) = (3.019, 0.331).

The longer oscillation period in Scenario 5 is also reflected in the phase plots.
For this particular case, our analysis (see Table 5) yields three eigenvalues; a non-
complex, negative eigenvalue, and a complex conjugate pair of eigenvalues with
negative real part. We infer from Table 3, as well as from Proposition 3.1.1 that
the stationary point represents a stable spiral.
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Figure 6: Scenario 3, shows the response of the resource and the immature based
on a Constant resource-growth function, θ1

Figure 7 shows that ∆(τ, C) < 0, except in the interval (C ∈ [5, 15])×(τ ∈ [0, 1.5]),
where it is positive. It has been established that the case for τ = 1, ∆ < 0 leads to
complex eigenvalues and therefore, to a spiral dynamic in phase-space. A combina-
tion of increasing C and decreasing τ could result in ∆ > 0. On the other hand,
increasing C and τ leads to ∆ < 0.

Case 2 – Holling-II function

We look at and examine Scenarios 1 and 4, see Table 4.

Scenario 1

For θ2, j = 1, Figure 8.a shows oscillatory decaying biomass trajectories, which
seem to converge to an equilibrium. This corresponds to spiral dynamics in the
phase plots, see Figures 8.b and 8.c. The theoretical equilibrium is (x∗, z∗) =
(0.366, 0.366), while the trajectories converge against (x∗, z∗) = (0.37, 0.37). From
Table 5 we derived two complex conjugate ,(λr < 0), and one real (λ < 0) eigenvalue.
Hence, the equilibrium represent a stable spiral. This is consistent with Proposition
3.2 as b < B.

For the present resource-growth-function, from equation (16) we can calculate
the average time for the immature to process food. This duration equals 1

a
α
= 1.

The sign of ∆(τ, b) in Figure 8.d seems to be negative. From Appendix B, we

derive that 4(bµax+M)3

aµaxM
> 1, and therefore ∆(τ, b) < 0. For τ = 1, this leads to

complex eigenvalues, which is consistent with the earlier derivations in Table 5.
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Figure 7: Scenario 5, we see resource and immature biomass dynamics under the
effect of a Constant resource-growth-function, θ1

Scenario 4

Figure 9 shows an oscillating decaying system, which converges fast to some sta-
ble level. The phase plots underline this behavior. The theoretical equilibrium is
(z∗, x∗) = (0.503, 0.199) and the trajectories in Figure 9.a approximate the limits
(z∗, x∗) = (0.50, 0.20). From Table 5 we obtain two complex (λr < 0) and one real
valued eigenvalue (λ < 0). We conclude that the equilibrium is approximated by a
stable spiral. See also Proposition 3.2 for b < B.

The average time duration for the immature to process food (see equation (16))
becomes 1

a
α
= 8. The difference in the oscillation periods between Scenario 1 and 4

might be caused by the diverse food-processing durations.
From the conditions in Appendix B, we can conclude that ∆(τ, b) < 0, which

matches the plot in Figure 9.d. Hence, as ∆(τ, b) < 0 for τ = 1 we expect spiral
equilibrium. This is confirmed by the calculated eigenvalues in Table 5.

Case 3 – Quadratic function

We present two demonstrations of Scenario 4, see Table 4.

Scenario 4–I

We observe in Figure 10.a an extinction of the immature population, while the
resource population reaches a stable limit. The trajectories converge to the point
(z∗ = 2, x∗ = 0). (The phase plots show that the system approximates a node.) This
value coincides with the equilibrium P2 = (ab , 0) = (2, 0) for the present parameter
set, see Table 4.

Table 6 presents the possible situations for the eigenvalues dependent on the
value of k2. Referring to the different cases due to the value of k2 and λ in Section
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Figure 8: Scenario 1 – the consequences of Holling-II-growth function, θ2 on pop-
ulation biomass

3.3.2, we can conclude that we have an unstable equilibrium in the present case, as
both trajectories converge to distinct values, with eigenvalue λ = 0.04.

A glance at Figure 10.d shows, that ∆(τ, b) > 0, ∀τ > 0. Hence, we will only
observe real valued eigenvalues in this situation. Hence the equilibrium P2 is an
unstable node.

Scenario 4–II

In Figure 11.a, we monitor increasing oscillating dynamics, which further seem
to stabilize with a fixed amplitude. The theoretical equilibrium is (x∗, z∗) =
(−Mb+Ka

Kax
, MK ) = (0.25, 0.75). This behavior is emphasized by the phase plots (Fig-

ure 11.b and c), where we observe a limit cycle behavior, around the stationary
points x∗ and z∗.

We determine two complex conjugate, where (λr ≈ 0), and one real eigenvalue
(λ < 0), see Table 5. Considering Table 2, we monitor that the present parameter

fulfill the condition ∆ < 0 with λr = 0.0081, thus λr ≈ 0. As b > 0, b+(K−αK2

M ) <

0, α > M
K , b < K, ax >

b
µ , we derive a unstable limit cycle according to Table 2.

The sign of ∆(τ, b) is always negative, see Figure 11.d. For τ → 0, ∆(τ, b) might
reach 0. Hence, we always derive complex eigenvalues in this situation.

5 Stability-sensitivity on τ

This short outline examines the effect of various delay values τ on the dynamics.
We base the reasoning on the τ -functions of each case, (see equations (12),(40)),
which indicate that, under fixed parameter conditions θi, i ∈ {1, 2, 3} a change in τ
causes a change in the eigenvalues λ.
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Figure 9: Scenario 4 illustrates the cause of the Holling-II-growth function, θ2, on
the resource and the immature dynamics

Definition 5.1. (Acceptance-region τ∗θi
,i ∈ {1, 2, 3}) For each fixed parameter set

θi, i ∈ {1, 2, 3}, ∃ an acceptable-range τ∗θi
, i ∈ {1, 2, 3}, such that ∀ τ ∈ τ∗θi

, i ∈
{1, 2, 3} the calculated eigenvalues coincide with the theoretical stability results and
the observed dynamical behavior.

We draw the following observations from the numerical analysis:

Case 1 – Constant resource

From the computed eigenvalues we observed that very high τ -values lead to three
distinct real roots (λ < 0), but for low τ -values we derived two complex (λr < 0)and
one real roots (λ < 0). Hence, the size of τ seems to have an impact on the
equilibrium type but not on its stability, see [24]. Further we did recognize that
the value of the parameter C restricts the influence of τ on the dynamics. The
lower the C-level, the higher could the τ -value be chosen, before we got a numerical
instability. For this particular case the stability of the equilibrium point appears
to be unaffected by τ . Further, this shows that the delay has an effect on the
system behavior, but its effect is limited through the resource-growth-parameter
θ1. The event of population collapse, for large τ -values with respect to a high C-
level, can be explained by the fact that large delay terms allow the population to
grow continuously without inhibition. This calls for setting an upper bound for C,
as in Assumption 1.

This particular scenario on the choices of τ and C, is reflected in Figure 6.d by
the change of the sign of ∆(τ, C).

Case 2 – Holling-II function

Given a large resource-growth-parameter b, we observed a destabilization of the
equilibrium point through high τ -values in the numerical runs, [24]. If b was set to
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Figure 10: Scenario 4, demonstration I presents the consequence of a Quadratic
resource-growth-function, θ3, on resource and immature biomass

be b << 1, the equilibrium remained stable, independent of the size of τ . Hence,
the value of b determined the destabilization effect for big delay terms. We conclude
that τ can influence the equilibrium stability, if b is not restricted. The effect of
destabilization due to large τ on the population with big resource-growth parameters
can be explained by the fact that large delay terms allow the population to re-adapt
to changed food-conditions, as well as to growth. This will lead to an increasing
population biomass and therefore to an unstable equilibrium.

A small delay value τ , ensures stable equilibrium points for all possible values
of b. If τ ≈ 1, the stability of the equilibrium point depends on the value of b. If
τ becomes too large, no value of b can stabilize the equilibrium. In the latter case,
the equilibrium is always unstable.

Unlike for the constant food case, this observation is not obvious from Figure
8.d and 9.d, where the sign of ∆(τ, b) is negative, independent of b. We deduce from
earlier discussion, that the parameter set θ2 conditions the acceptance range τ∗.

Case 3 – Quadratic function

We consider Scenario 4-II as an illustrative example of the effect of τ . It exemplifies
the role of the acceptance-region τ∗θ3

of τ . Note that the results in Figure 11a,b,c,
where derived by setting τ = 1.

We can detect from Figure 11.d that ∀τ, ∆(τ, b) < 0, resulting in complex
eigenvalues, and Figure 12 shows all possible equilibria. However, we observe that
the equilibria change, according to the possible states for ∆ < 0 in Figure 12, and
depending on the value of τ :

For τ → 0, we calculate two complex (λr < 0, λr 6= 0) and one real eigenvalue
λ < 0. We can conclude, that the equilibrium is a stable spiral in this case. The
acceptance-region for an unstable limit cycle is τ∗θ3

= [0.7 1.1]. For 0 < τ < τ∗ ∈ τ∗θ3
,

we calculate two complex eigenvalues, with (λr < 0, λr ≈ 0) and a real eigenvalue
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Figure 11: Scenario 4, demonstration II shows the effect of a Quadratic resource-
growth-function, θ3, on the resource-immature-stage system

λ < 0, leading to a stable limit cycle, which then moves to an unstable limit cycle
as τ increases, i.e. τ ∈ τ∗θ3

. For τ > τ∗ ∈ τ∗θ3
and τ → ∞ we get two complex

eigenvalues (λr > 0, λr 6= 0) and one real eigenvalue λ < 0. Hence we have an
unstable spiral equilibrium.

We conclude that a stable equilibrium with τ ≈ 0 becomes unstable for increas-
ing values of τ . This clearly shows the dependence of equilibrium points on the
delay-parameter.

6 Summary

Case1 – Constant resource

The analysis showed that the value of C must be restricted, such that a large
τ -values yields reasonable results. Further τ can change the eigenvalues but not
the stability of equilibrium points. The constant-resource parameter-set θ1 = C
influences the acceptable-range of delays τ∗θ1

.

Case 2 – Holling-II function

The system of Scenario 1 (b = 1, α = 0.75, µ = 0.4,M = 0.22) has a longer average
time to process food, than system of Scenario 4 (b = 0.125, α = 1.5, µ = 0.53,M =
0.4). This implies that the former system has more food available for a longer period
of time, but at the same time, food consumption is slower. This leads to the long
oscillation period in Scenario 1.

If the condition µ < 1 in Remark 3.1 is violated, we observe system divergence.
This makes sense as µ describes the percentage of food converted into biomass. A
food conversion rate of µ = 1 is not realistic.
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Figure 12: Classification of equilibrium points, see source [36]

We showed that the influence of τ on the system stability is dependent on the
parameter value b. The parameter b influences an acceptable-region τ∗θ2

, such that
the calculated eigenvalues for τ ∈ τ∗θ2

dictate equilibrium stability. For τ /∈ τ∗θ2
,

calculated eigenvalues will not reflect the equilibrium of the system.
A DDE-system with unrestricted resource-growth parameter θ2 tends to exhibit

dynamics such as extinction, explosive dynamics or numerical instabilities.

Case 3 – Quadratic function

From the parameter set in Table 4, we observe that mainly the food-uptake rate
ax is different between Scenarios I (τ = 5, b = 0.05, α = 2, ax = 0.16) and II
(τ = 1, b = 0.06, α = 5, ax = 1). Hence, as ax << 1 in Scenario I, the immature
starve, which allows the resource population to grow and reach a stable positive
population limit. The resource shape, influenced by the parameters θ3 have strong
impact on the system behavior. Together, a low resource level and ax << 1, lead
to extinction of the immature. In Scenario II, the food-uptake rate is high, so that
the population can grow and both, the immature and the resource, balance around
their stability points.

The latter observations on ax and µ give a key-role to the food-uptake rate and
the food-conversion factor. Further, from Table 2, this influential relationship is
determined by the resource-growth parameter b, via b > axµ or b < axµ. Hence,
the equilibrium depends on the resource-growth parameter and on the amount of
resource that can be converted into biomass. This interaction creates the ”typical”
predator-prey relationship, which we observe in the plots, see [4, 24].

For θ3 < 0 (and also for θ3 containing very small parameter values) the popu-
lation goes to extinction, and moves to its trivial equilibrium point. For θ3 chosen
too high, the dynamics becomes biological implausible. In between these extremes,
we can observe that the system changes dynamics due to changes in θ3. It approxi-
mates equilibrium P1 or P2 depending on the value of parameter ax. This plethora
of dynamical changes and predator-prey interactions resembles the observations in
[20, 23]. This highlights the fact that upper and lower parameter bounds for θ3

are crucial for the DDE-system, such that extreme and unrealistic cases can be
excluded from the consideration.
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We also observed that the set of parameters θ3 has impact on the acceptance-
range τ∗θ3

. For τ /∈ τ∗θ3
the system behavior changes.

7 Conclusions

We observed consistent results, theoretical and numerical, for the Constant and
the Holling-II function, that might come from the fact that both resource-growth
functions are constant in the long run. This allows the immature to develop and
stabilize under regular conditions. In the Quadratic case, we dealt in both cases,
with a parabola as resource-growth function. We observed that the change between
food increase-or decrease created a problem for the system, when there was no good
balance between the resource-conversion parameter ax, µ and the set θ3.

The interaction between, resource-availability, rate of food-conversion into biomass,
as well as the delay time τ have impact on the system development. We infer from
all three cases that the interacting factors, like ax, µ, τ , are dependent on the sets
θi, i ∈ {1, 2, 3}. We can conclude that the stability of the immature population
depends not on the amount of available food, but mainly on the structure of how
the food enters into the system and the delay time of the feedback-cycle.

For each system, it is possible to determine an optimal delay range, for exam-
ple via the auto-correlation function (ACF), see [22, 39]. However, the range of
acceptable τ , is not the main aim of this manuscript. Rather we have focused on
the effect of the delay time on the equilibrium and dynamics. We have clearly ob-
served that the value of τ plays an important role on the system dynamics as well
as the equilibrium stability. This highlights the need for DDE-models in modeling
and understanding of population dynamic trajectories. It shows that if population
dynamics are modeled as ODE, they may fail completely to capture the feedback-
structure of the population, even though the model might generate trajectories that
are identical with observations. For example, the Quadratic case showed the inabil-
ity of ODEs to capture both the equilibrium stability and dynamical structure.
Knowledge of the exact delay of the feedback-loop is cruical in order to determine
the exact dynamical behavior at the equilibrium points. This has been emphasized
by experiments on the acceptance-regions τ∗θi

, i ∈ {1, 2, 3}.
This manuscript has highlighted two essential facts that influence the dynamics

of populations. These factors define the population development, the equilibrium
and the equilibrium stability.

• The profile of the resource-growth-function together with the resource conver-
sion rates.

• The effect of time-delays.

The authors in [20] explored dynamical analysis of laboratory and field data
on a density dependent single population model. For all cases considered, we see
overlap in between our results and those in [20].

Finally we observe good consistency between theory and results from numerical
analysis and simulations.

8 Extensions

Given the link between resource, immature and mature population groups [42], a
natural extension of this work, will be to analyze the effect of the resource-function
on the stability and predictability of the mature population, assuming that the
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mature population is well resourced. The aim then will be to study how the time-
delay and resource profiles regulates biomass transitions (from the immature) to
the mature group. This will be the subject matter for a sequel monograph.
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Appendix

This section summarizes the appendices and tables referred to in the manuscript.

A Analysis Tools

This chapter presents the theoretical underpinning to the numerical and compu-
tational methodologies for the analysis. This section describes the mechanism for
calculating the biomass trajectories and the graphical tool for analyzing the stability
of our system.

Calculating Biomass trajectories

Runge Kutta Methods

The Runge Kutta methods can be used to solve an ODE of the form y′(x) =
f(x, y(x)) with initial value y(x0) = y0 by applying an extended Euler method,
which approximates the real solution over a continuous series of time-intervals [8].
Since its invention in 1895, the class of Runge Kutta methods has been developed
into a whole family of numerically related methods. These methods include the
Bogacki-Shampine (BS) method [6, 8, 11].

The Runge Kutta BS(2,3) triple method calculates the approximated solution
ŷn to y(xn) on a grid, with starting point y(x0) = y0, [33]. Given the initial value,
s-stages are performed to reach ŷn+1, where

ŷn+1 = ŷn + hnφr(xn, yn), (52)

φr(xn, yn) =

s∑

i=1

biki, (53)

where φr(xn, yn) are increments, bi are coefficients and hn is the step-size. The
ki’s are the Runge Kutta steps, which are defined, such that for i = 2, ..., s,

k1 = f(xn, ŷn), (54)

ki = f(xn + cihn, hn

i−1∑

j=1

ai,jkj), with (55)

ci =

i−1∑

j=1

ai,j , and (56)

ai,j = 0, for j > i. (57)

The Taylor-expansion, ∆(f(xn), hn)), of f around xn yields, [15],

∆(f(xn), hn)) =

∞∑

r=1

hr−1

r!
f r(x). (58)

The local truncation error (LTE) is then defined as, [6],

LTE : = yn + hnφ(xn, yn)− ŷn+1, (59)

= hn(φ(xn, yn)−∆(f(xn), hn)). (60)

27



If increment-function φr(xn, yn) and the Taylor-expansion ∆(f(xn, hn) are equal
up to p-th order, O(hp), the Runge Kutta formula is referred to as being of p-th
order.

This implies, that the sum (58) of an p-th order Runge Kutta method starts
with order p+1 and φr = 0, r = 1, ..., p− 1. A p-th order Runge Kutta method has
the following Taylor expansion

∆(f(xn), hn) =
∞∑

j=1

hp+j
n φp+j−1(y(xn)), (61)

with increment φr ,

φr(y(xn)) : =

nr+1∑

i=1

ar+1
i F r+1

i (y(x)), i = 1, 2, ..., (62)

where F r+1
i is the r + 1-differential of function f .

A p-th order Runge Kutta method satisfies following conditions, [15]:

a
nr+1

i = 0, i = 1, ..., nr+1, r = 1, ..., p− 1, and (63)

a
(1)
1 =

s∑

i=1

b1 − 1 = 0(n1 = 1). (64)

The RKBS(p,q) method describes a q-th order Runge Kutta process with s =
4 steps, which embeds a p-th order Runge Kutta method [6]. A Runge Kutta
embedding process calculates two Runge Kutta solutions of different orders, p and
q, such that q = p + 1 and, such that the function evaluations ai,j are equal [15].
The q-th order method includes more steps, than the p-th order equation does, [15].
The difference between two processes yields an estimate En+1 = yn+1− ŷn+1 to the
Taylor series ∆(f(xn), hn) with p-th order. The error En+1 determines the adequate
step-size hn. See ([15]) for an formula of the error per step-size, as well as of the error
per unit-step. Thus we illustrate a one-step implementation of RKBS(p,q) p = 2,
q = 3, where we apply the ’First Same As Last (FSAL) method’. The computed
value yn+1 is used as starting value for the fourth stage k4 = f(xn + hn, yn+1),
resulting in a third-order approximation of ŷn+1, [6, 11, 15, 33]. The following
schema shows the just explained step of the RKBS(2,3)-method:

k1 = f(tn, yn) (65)

k2 = f(tn + 1
2hn, yn + 1

2hk1) (66)

k3 = f(tn + 3
4hn, yn + 3

4hk2) (67)

yn+1 = yn + 2
9hk1 +

1
3hk2 +

4
9hk3 (68)

k4 = f(tn + hn, yn+1) (69)

ŷn+1 = yn + 7
24hk1 +

1
4hk2 +

1
3hk3 +

1
8hk4. (70)

The advantages of Runge Kutta BS(2,3) method are described in [6, 33].

Dealing with Delays - DDEs

The Matlab toolbox dde23 solves DDEs with constant delays. This section describe
the basic principles of the implementation of dde23. The Matlab dde23-solver is
based on the ode23-solver, using the RKBS(2,3) method, [33].
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The aim is, to solve DDEs of the form, see [34],

y′(t) = f(x, y(x), y(t − τ1), y(t− τ2), ..., y(t− τk)), (71)

on a ≤ x ≤ b, where the history-function S is defined as

y(x) = S(x), (72)

as x < a, and with constant delays τj , j = 1, ..., k, such that τ = min(τ1, τ2, ..., τk) >
0. When the step-sizes are controlled by yn+1 and ŷn+1 according to the equations
(65)-(70), an additional third equation is necessary to re-discretize the q-th order
Runge Kutta formula (70), [34], via

yn+σ = yn + hn

s∑

i=1

bi(σ)ki, (73)

where bi(σ) are the polynomial-coefficients. The equation (73) defines a continuous
approximation to y(xn + σhn), 0 < σ < 1 in the interval [xn, xn+1]. With σ = 0
equation equals (73) equals the function value yn and at σ = 1, equation (73) equals
yn+1. As equation (73) is the continuous extension to ŷn+1, we assume further, that
they are of the same order q, [34]. The integration-step in dde23-solver is restricted
to σ = 1, which continuous interval boundaries, [34]. The truncation error ’LTE’ of
equation (73) depends on σ and we demand in addition, that the function f = y(x)
is Lipschits-continuous, such that ’LTE’ is bounded, in the sense that, there exists
C > 0, such that ||LTEn(σ)|| < Chqn, [34]. The continuous extension, forms the
basis for a small error-range at xn+1.

We distinguish between two cases, [34]:

hn < τ, requires an explicit Runge Kutta , and (74)

hn > τ, requires an implicit Runge Kutta method. (75)

The methodology presented so far is an explicit Runge Kutta method, for which

ai,j = 0 if j > i, i = 1, ..., s, (76)

holds. This implies that the explicit Runge Kutta method solves for the solution
step by step, [9, 37]. In contrast, the implicit Runge Kutta method uses the following
coefficients

ai,j 6= 0 if j > i, i = 1, ..., s. (77)

This implies, that one has to solve an order of (algebraic) equations at each iteration
step.

Attention has to be paid to the fact that the RKBS methodologies depend on
the step-size, hn. The step-size may correlate with the size of delays. In general
numerical instability of the solver may affect the delay sizes numerical instability
and therefore have computational implications.

In the case, when delays are bigger than the algorithmic step size hn, τ > hn, the
repetitive allocation of numbers could easily reach the limits of the storage capacity.
The dde23-solver can avoid this, by solving and returning the problem-solution over
mesh-points.

Numerical instability may also occur for hn < τ . The dde23-solver deals with
very short delays by using an implicit RKBS method, together with a simple it-
eration scheme, whose convergence condition is independent of the size of delays.
As the dde23-solver uses lower-order methods, the solver has little problems with
stepping over discontinuities.
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An advantage of dde23 is, that the algorithm regulates the stability of the DDE-
solution with help of an ODE-test function. The stability of the ODE-test function
controls the stability of the DDE-function, [34]. This implies, that the solver is
independent of the size of delays. Consequently, the numerical solution of the
dde23-solver remains stable for very small delays, τ << hn. For more details on
the stability of the dde23-solver consult [34].

30



B Proof of Propositions

Case 1

Proof of Proposition 3.1.1: Rewrite the characteristic equation in (11) as

λ2 − λMe−λτ +Bλ+K = 0, (78)

where B =M + µaxC
M and K = µaxC. Then, (79) is derived from (78) for τ = 0.

λ2 + (B −M)λ+K = 0. (79)

Solving for λ, we get

λ =
−λr
2

±
√
∆

2
,

the discriminant ∆, λr = (B −M) > 0, and

∆ = λ2r − 4K = (B −M)2 − 4K (80)

and λr = (B −M) > 0. Out from the discriminant ∆ in (80), we derive distinct
situations.

• For case: ∆ > 0, when

C >
4M2

µax
.

With λr < 0, we have two, real negative eigenvalues. Thus, the equilibrium
is a stable node.

• For case: ∆ = 0, when

C =
4M2

µax
.

With λr < 0, we have a negative and real eigenvalue. Thus, the equilibrium
is a stable node.

• For case: ∆ < 0, when

C <
4M2

µax
.

We have two complex, conjugate eigenvalues. We get λr < 0 or λr = 0. Thus,
the equilibrium is a stable spiral for λ < 0, or a limit cycle.

Case 2

Proof of Proposition 3.2: We set τ = 0 into the characteristic equation (27) to arrive
at

λ2 − λ(M −A) +B − C = 0. (81)

Solving for λ,

λ =
λr
2

±
√
∆

2
, (82)
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with ∆ = λ2r − 4(B − C) = (M −A)2 − 4(B − C) and λr =M −A.
We derive

(M −A) = M − (M −K2) = K2 =
−aµaxM

(bµax +M)2
< 0,

and

B − C = K2M +
MK1

µ
−K2M =

MK1

µ
=

Maxµa

(bµax +M)
> 0.

We consider the discriminant ∆ of λ

∆ = λ2r − 4(B − C) = (M −A)2 − 4(B − C). (83)

From the discriminant ∆ in (83), we can distinguish the following cases.

• ∆ > 0, if and only if

4(bµax +M) < (A−M), (84)

4 <
aµaxM

(bµax +M)3
.

Depending on the value of b ∈ R+, we derive a stable node or saddle point.
Let B be a certain threshold. Then

– b > B, leads to a stable node.

– b < B, results in a saddle point.

• ∆ = 0, if and only if

4 =
aµaxM

(bµax +M)3
.

∀ b ∈ R+, λ < 0. Hence the equilibrium is a stable node.

• ∆ < 0, if and only if

4 >
aµaxM

(bµax +M)3
.

Depending on the size of b ∈ R+, a stable, or unstable spiral results.

Let B denote the threshold for b.

– Then, as long as b < B, λr < 0. Hence, the equilibrium is a stable spiral
for λ < 0.

– If b > B, λr > 0. Hence, the equilibrium is an unstable spiral for λ > 0.

– If λr = 0, the equilibrium is a limit cycle.
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Case 3

Proof of the Propositions 3.3.1, 3.3.2 and 3.3.3: Set τ = 0 into the characteristic
equation in (38) to arrive at

λ2 + λ(A −M) + C −B = 0. (85)

Solving for λ, we obtain

λ =
−λr
2

±
√
∆

2

with λr = (A−M) and discriminant ∆ = λ2r−4(C−B) = (−(A−M))2−4(C−B).
We derive

A−M =
Mb+MK

K
−M =

Mb

K
,

C −B =
M

K
(−bM + aK).

We identify different cases, based on the discriminant ∆ in (39).

• For ∆ > 0,

M2b2

4K
+

4M(Mb− aK)

(4K)
> 0,

M2b2 + 4M2b

4K
> Ma,

M2b2

4K2

[
1 +

K

Mb2
(Mb− aK)

]
> 0,

1 +
K

Mb2
(Mb− aK) > 0,

K

Mb2
(Mb− aK) > −1,

K(Mb− aK) > −Mb2,

Mb2 +KMb− aK2 > 0,

b2 +Kb− a

M
K2 > 0. (86)

Substituting a = αb into (86), we get

b2 +Kb− αb

M
K2 > 0,

b2 + (K − αK2

M
)b > 0,

b

[
b+ (K − αK2

M
)

]
> 0.

Case: – b > 0.

b > −K(1− αK

M
),

b > K(
αK

M
− 1),
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yields

αK

M
− 1 > 0,

α >
M

K
.

Considering 1 + K
Mb2 (Mb − aK), we check for when 1 + K

Mb2 (Mb − aK) > 1

or < 1. Rewrite K
Mb2 (Mb − aK) = Kb(MK − α), hence with α > M

K , the term

1 + K
Mb2 (Mb− aK) < 1 but positive, as we assumed that ∆ > 0.

Together, we get

λ = −1

2
(
Mb

K
)± Mb

2K

√
(1 +

K

Mb2
(Mb− aK)).

Hence, as b > 0, we end up with two negative and real eigenvalues, as | −
1
2 (

Mb
K )| > |Mb

2K

√
(1 + K

Mb2 (Mb− aK))|. We have a stable node for all λ < 0,

when b > 0 and b > K.

Case: – b < 0.

b < −K(1− αK

M
),

b < K(
αK

M
− 1),

which yields

αK

M
− 1 < 0,

α <
M

K
.

Considering 1+ K
Mb2 (Mb− aK), we investigate when 1+ K

Mb2 (Mb− aK) > 1

or < 1. As in the previous case, rewrite K
Mb2 (Mb − aK) = Kb(MK − α) with

α < M
K , yielding 1 + K

Mb2 (Mb− aK) > 1 . Therefore

λ = −1

2
(
Mb

K
)± Mb

2K

√
(1 +

K

Mb2
(Mb− aK)).

As b < 0 and (1 + K
Mb2 (Mb − aK) > 1, we end up with both, negative

and positive, eigenvalues. We have a saddle-node for b < 0, and b < −K,
respectively for λ < 0 and λ > 0.

• For ∆ = 0,

b

[
b+ (K − αK2

M
)

]
= 0.

Hence, b = 0 or b = K(M−αK)
M . If b = 0,, we get λ = 0. Hence, assume b 6= 0

in the following. If b = K(M−αK)
M , λ > −M

K
K(M−αK)

M = −(MK − α). Hence,

α > M
K for λ > 0, and if α < M

K , then λ < 0. Depending on the value of b, we
have a stable (λ < 0) or unstable node (0 < λ).
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• Considering ∆ < 0:

M2b2

4K
+

4M(Mb− aK)

(4K)
< 0,

M2b2 + 4M2b

4K
< Ma,

M2b2

4K2

[
1 +

K

Mb2
(Mb− aK)

]
< 0,

1 +
K

Mb2
(Mb− aK) < 0,

K

Mb2
(Mb− aK) < −1,

K(Mb− aK) < −Mb2,

Mb2 +KMb− aK2 < 0,

b2 +Kb− a

M
K2 < 0. (87)

Substituting a = αb into (87), we get

b2 +Kb− αb

M
K2 < 0,

b2 + (K − αK2

M
)b < 0,

b

[
b+ (K − αK2

M
)

]
< 0.

Case: – b > 0 & b+ (K − αK2

M
) < 0.

b < −K(1− αK

M
),

b < K(
αK

M
− 1),

yields

αK

M
− 1 > 0,

α >
M

K
.

Thus, ∆ < 0 results in complex, conjugate eigenvalues. While 0 < b < K,
yields negative eigenvalues with real parts, and with a resulting dynamic,
which is a stable spiral.

Case: – b ≈ 0 & b+ (K − αK2

M
) < 0.

Similar to the previous case, ∆ < 0, results in complex, conjugate eigenvalues.
Since, b > 0, b ≈ 0 and b < K, result in eigenvalues with zero real parts, the
resulting equilibrium is a stable limit cycle.
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Case: – b < 0 & b+ (K − αK2

M
) > 0.

b > −K(1− αK

M
),

b > K(
αK

M
− 1),

yields

αK

M
− 1 < 0,

α <
M

K
.

Thus, ∆ < 0, and we get complex, conjugate eigenvalues. The case, b < 0 and
b > −K give eigenvalues with positive real parts, and a unstable spiral.

Case: – b ≈ 0 & b+ (K − αK2

M
) > 0.

Similar to the previous case, ∆ < 0, we derive complex, conjugate eigenvalues.
With b < 0, b ≈ 0 and b < K, the eigenvalues have zero real parts, and thus,
the equilibrium is an unstable limit cycle.

C Basic Definitions and Classifications

The Padé approximation

Definition C.1. (Padé approximation) The Padé approximation of order (m,n) is
a rational function R(m,n), which can be expressed by (see [40]).

R(m,n)(x) =
Pm(x)

Qn(x)
, (88)

where Pm and Qn are two polynomials

Pm(x) = p0 + p1x+ p2x
2 + p3x

3 + ...+ pmx
m, (89)

Qn(x) = q0 + q1x+ q2x
2 + q3x

3 + ...+ qnx
n, (90)

with the unknown coefficients p0, ..., pm, q0, ..., qn.
For the special case of f(x) = e−x, the quotients Pm and Qn of the Padé ap-

proximation Rn,m become

Pm(x) =
m∑

k=0

(m+ n− k)!m!

(m+ n)!k!(m− k)!
(−x)k (91)

Qn(x) =

n∑

k=0

(m+ n− k)!n!

(m+ n)!k!(n− k)!
(−x)k. (92)

If m = n, Pn(x) = Qn(−x) holds. Hence the zeros and the poles of Rn,n are
symmetrical to the imaginary axis.
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Henceforth, the n-th Padé approximation of exponential terms will be indicated
by Pn,n, n ∈ N. Furthermore, we shall require a first order Padé approximation of
an exponential, i.e.,

e−λτ ≈ 2− λτ

2 + λτ
. (93)

We will use this approximation to calculate the numerical eigenvalues. The
results from this calculation are presented in Table 5. For the classification of the
equilibrium λ2 and λ3 are more reliable than λ1, see next chapter.

Stability Classification – Third-order Characteristic Polyno-
mial

Given the third-order polynomial

aλ3 + bλ2 + cλ+ d = 0, (94)

the discriminant ∆ = 18abcd−4b3d+b2c2−4ac−27a2d2 (see [18]) gives information
about type of root to expect, for

• ∆ < 0: 1 real root and two complex conjugate roots,

• ∆ = 0: Multiple roots, all real,

• ∆ > 0: 3 distinct real roots.

When the cubic polynomial represents the characteristic function of a dynamical
system, the roots provide information on the eigenvalues and stability types. Table 3
presents an overview of stability classification by [13, 41].

The role of the ∆-sign on the equilibrium classification in 2 dimensions are
illustrated in Figure 12.

D Lambert-W-function

The definition of the Lambert W-function is stated, after [21],

Definition D.1. (Lambert-W function) For w, z ∈ C : z = ψ(w) = wew, the
inverse function ψ−1, given by

w = ψ−1(z) =W (z)

defines the Lambert W function, W (z),C 7→ C. In particular, any function W (z),
which satisfies (95) is called a Lambert W function.

W (z)eW (z) = z. (95)

Equation (95) is multi-valued function, i.e., for any z ∈ C, there are infinitely many
solutions to (95), Wk(z), k = 0,±1,±2, . . . .

37



E Tables

Table 1: Nomenclature for the population model (1)
z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
t ∈ R Simulation time
x∗ ∈ R+ Equilibrium of the immature population
z∗ ∈ R+ Equilibrium of the resource population
τ ∈ R Time delay
f(z(t), θi), i ∈ {1, 2, 3} Resource-growth-functions
θi ∈ R, i ∈ {1, 2, 3} Parameter-set of the resource-growth functions f(z(t), θi), i ∈ {1, 2, 3}
ax ∈ R+ Resource uptake rate of the immature population
µ ∈ (0, 1) Resource conversion rate into biomass
dx ∈ (0, 1) Mortality rate of x(t)
δ ∈ (0, 1) Maturation rate
M ∈ (0, 1),M = dx + δ Biomass loss rate of the immature

Table 2: The table gives an overview of the b, α-parameter-stability-dependence in
case of the Quadratic resource-growth-function
For λ ∈ R:

∆ > 0
b > 0, b > K, ax < b

µ
α > M

K
λ1 < 0 , λ2 < 0 stable node

b < 0, b < −K, ax < b
µ

α < M
K

λ1 > 0 , λ2 < 0 saddle node(unstable)

∆ = 0

b = K(M−αK)
M

s.t. b 6= 0 α < M
K

λ1 < 0 stable node

b = K(M−αK)
M

s.t. b 6= 0 α > M
K

λ1 > 0 unstable node

For λ ∈ C:
∆ < 0 and λr 6= 0

b > 0, b+ (K − αK2

M
) < 0 α > M

K
b < K, ax > b

µ
, λr < 0 stable spiral

b < 0, b+ (K − αK2

M
) > 0 α < M

K
b > −K, ax > b

µ
, λr > 0 unstable spiral

∆ < 0 and λr = 0

b > 0, b+ (K − αK2

M
) < 0 α > M

K
b < K, ax > b

µ
, λr < 0 stable limit cycle

b < 0, b+ (K − αK2

M
) > 0 α < M

K
b > −K, ax > b

µ
, λr > 0 unstable limit cycle

Table 3: This table presents the classification and connection between eigenvalues,
stability and equilibrium type [13, 25, 41]

Eigenvalue Stability/Behavior
Stability Oscillatory behavior Notation

All real and + unstable none unstable node
All real, + and coincide unstable none unstable inflected node

All real and - stable none stable node
All real, - and coincide stable none stable inflected node
Mixed + and -,real unstable none unstable saddle node
Complex, λr > 0 unstable undamped unstable spiral
Complex, λr < 0 stable damped stable spiral
Complex, λr = 0 un-/stable un-/damped un-/stable limit cycle
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Table 4: The table presents the parameter sets for the numerical experiments. With
j ∈ 1, 2, ...6 we indicate the scenario, which is examined. For θi, i ∈ {1, 2, 3} refers
respectively to the Constant, Holling-II and the Quadratic case.
Parameter Sign/value

θ1, j = 3 θ1, j = 5 θ2,j = 1 θ2, j = 4 θ3–I, j = 4 θ3–II, j = 4

τ 1 1 1 1 5 1
θi 0.125 0.25 b = 1.0 b = 0.125 b = 0.05 b = 0.06
α − - 0.75 1.5 2 5
ax 1.5 0.25 1.5 1.5 0.16 > b

µ
1 > b

µ

µ 0.400 0.5300 0.40 0.530 0.53 0.53
dx 0.15 0.15 0.1 0.15 0.15 0.15
δ 0.15 0.25 0.12 0.25 0.25 0.25

M = dx + δ 0.3 0.4 0.22 0.4 0.4 0.4
K = µax 0.6 - - - 0.085 0.53

Table 5: The table summarizes the eigenvalues form numerical experiments. With
j ∈ 1, 2, ...6, we mean the scenario, which we are looking at. For θi, i ∈ {1, 2, 3}
refers respectively to the Constant, Holling-II and the Quadratic case. The cases of
θ3–I, j = 4 are considered in Table 6.

λ Sign/value
θ1, j = 3 θ1, j = 5 θ2, j = 1 θ2, j = 4 θ3–II, j = 4

λ1 -2.6547 -2.8207 -2.5307 -2.8764 -2.862
λ2 -a1+ ib1 -a2+ ib2 -a3+ ib3 -a4+ ib4 a5+ ib5
λ3 -a1- ib1 -a2- ib2 -a3- ib3 -a4- ib4 a5- ib5

k ak bk
1 0.0977 0.2167
2 0.0311 0.1501
3 0.0283 0.3076
4 0.0812 0.2764
5 0.0081 0.2667

Table 6: The table presents the eigenvalues of the analysis of the equilibrium P2 ≡
(0, ab ) in the Quadratic case θ3–I, j = 4, (τ = 5)

Value of k2 Sign/value

λ x = Keλt Classification

k2 = 0 −0.1 x1 = k1e
−0.1t,x2 = 0 stable

k2 6= 0 0.041186 x1 = k1e
0.04t, x2 = k2e

0.04t unstable
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1 Introduction

Time series and time series analysis arise in all kind of (real world) applications,
where measurements of (scientific) data are important, e.g., in geophysics [41], cli-
mate and atmosphere [55], physiology [40], finance and economy [19, 50], biology
and ecology [3]. Beyond understanding the observations and hidden structures,
one searches for proper models that describe the data. The goal is then to ap-
ply the models in identifying control instances such as feedback mechanisms, or in
predictions, such as in weather forecasting.

The range of time series methods is broad, and includes all from auto-regression
analysis [22] to wavelets [55]. These methodologies act on data structures that are
stochastic or deterministic, linear or nonlinear. The data structures also include
those generated from systems, where the system trajectory depends strongly on
initial conditions, i.e. chaotic. Chaotic time series are typical for physical, biological
[3] or climate data. Recently, much attention has been paid to time series from
dynamical systems, see [47], because of their chaotic attributes, see [42].

The general system dynamics for x(t) ∈ Rn can be described by the autonomous
ordinary differential equation (ODE) system (1), where f is a functional operator,
[27]. It is possible to obtain analytical results about the system stability, sensitivity
to initial conditions, and predictability. There is an abundance literature on these
issues [1, 16, 21, 24, 57].

ẋ(t) = f(t, x(t)) (1)

A variant of system (1) is given by (2), which involves, in addition, a previous
solution x(t − τ) of x(t) at 0 < τ ≤ T, T ∈ R, time-steps in the past, [27, 43].
The parameter τ is called delay. System (2) can depend on several delays, see
[43]. For this particular system, obtaining closed form solutions is challenging,
and analytical tools are either unavailable or limited. Time series analysis offers a
viable approach to obtaining information about the system dynamics. The approach
involves applying time series analysis methodologies to a finite data set from the
system defined by (2). This has the advantage of making inference on the system
dynamics without knowing the exact mathematical model structure. A particular
challenge to the time series application arises when the system dynamics is sensitive
to initial conditions.

ẋ(t) = f(t, x(t), x(t − τ)) (2)

The Lyapunov exponents present a methodological approach for the study of
such chaotic series, [3, 15, 33, 56]. For the system defined by (2), the Lyapunov
exponents can be determined from the system time series [7] or by an approximation
of the delay terms, see [10]. There are several ways of extracting the Lyapunov
spectrum from (observed) time series, see [6, 56]. The exponents help in classifying
system characteristics, and for time series prediction, see [11, 20, 38, 56, 59].

In [12], we studied the effect of varying resource on the dynamics and stability
of a marine population. We analyzed a two-stage structured (mature/immature)
population model with a delay term in the conversion of resource into biomass. We
investigated the significance of different functional representations of the resource,
and how varying functional parametrization lead to different types of dynamic forc-
ing at the immature population stage. This manuscript is a sequel to [12]. While
[12] considered mainly the immature population stage and the local situation at
the equilibrium points, the emphasis in this manuscript is on the system dynamics
of the mature, sensitivity to initial conditions and the system predictability. This
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manuscript determines the exponents from time series, see [11, 56, 59]. The forecast
horizon and predictability of the time series will be based on MLEs.

The manuscript is organized in the following way. Section 2 describes the base-
case model S0. Section 3 describes the numerical methods and Section 4 presents
an illustrative example of the analysis. Three methods for estimating the maxi-
mum Lyapunov exponents (MLE) are compared and discussed as well in Section 4.
Section 5 presents the execution of the numerical experiments and Section 6 sum-
marizes the results from the numerical experiments. A summary follows in Section
7 and a conclusion of the manuscript is presented in Section 8. Section 9 discusses
possible extensions of the work presented.

Appendix A presents Tables referred to in the manuscript.

2 Model Description

Throughout this work, we adopt the nomenclature in Table 5. The base-case model
S0 is given by (3):

S0 ≡





ż(t) = f(z(t), θ2)− axz(t)x(t),
ẋ(t) = µaxz(t− τ1) · x(t − τ1)− dxx(t)− δx(t),
ẏ(t) = −dyy(t) + δx(t− τ2),

(3)

with τ2 ≈ 0 and f(z(t), θ2) : R+ 7→ R+ defined by (4),

f(z(t), θ2) =
az(t)

b+ z(t)
, (4)

where a = αb with a ∈ R+, b ∈ R+ and α ∈ R+. The resource-growth function
f(z(t), θ2) in equation (4) is known as the Holling-II function.

The parameter dx and dy are the death rates, respectively of the immature
and the mature population, while δ is the rate at which a part of the immature
stage transitions to the mature stage. The constant ax represents the scale of food
uptake at (t−τ1), with τ1 representing the retardation in the feedback-cycle between
ingestion and biomass growth. The parameter µ controls how much of the resource
uptake is converted into biomass. Thus, the food induced biomass change ẋ(t) at t,
is regulated by the prior population biomass and the resource density. The mature
population changes in its biomass ẏ(t) due to maturation and natural mortality.

Equilibrium

Assuming z(t)∗ = z(t) = z(t− τ1), x
∗ = x(t) = x(t − τ1) = x(t − τ2), y

∗(t) = y(t).
Setting ż(t) = 0, ẋ(t) = 0 and ẏ(t) = 0, we derive from system (3) the non-trivial
equilibrium points

(z∗, x∗, y∗) = (
a

axx∗ − b, x∗,
δ

dy
x∗), (5)

where

x∗ =
µa

µaxb+M
. (6)

We observe that y∗ ∝ x∗ with proportionality constant δ
dy
. Further, the resource

equilibrium can be written as function, z∗ = g(a, ax, x
∗, b), since a, ax and b are

constants, we note that z∗ ∝ 1
x∗ and the definition of g(·) is obvious. With y∗ ∝ x∗,

also z∗ ∝ 1
y∗ . Therefore, the equilibrium point of the mature is affected by the

immature and resource equilibrium point.
The equilibrium point (5) shows further the central role of the immature popu-

lation in the system, and in particular the relevance for the mature.
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3 Analysis of time series from the system S0

We use non-linear methods to analyze the time series (xt, yt, zt).
We first need to establish that the time series is non-linear, see [4]. Next, we

determine the embedding dimension of the underlying dynamic, and ultimately the
MLEs. The methods are defined briefly.

3.1 Non-linearity Test

The following test checks specifically, if a time series is Gaussian or not. Non-
Gaussianity is indicative of non-linearity of the time series, [4]. The approach for
testing Gaussianity involves third order methods and surrogate data testing. The
third order moment of a Gaussian time series is zero, see [54], while surrogate
data tests are based on hypothesis testing, build on assumption of the statistical
distribution of the observed time series.

Third-order moments

Moments are defined by the moment generating function, using series expansion of
the exponential function. We state the following definitions, adapted from [54].

Definition 3.1. (Moment generating function-Power series)
Let X be a single random variable. The moment generating function M(t) of X is

M(t) = E(etX), E is the expectation, (7)

=
∞∑

i=1

E(X i)
ti

i
, (8)

=

∞∑

i=1

mx
i

ti

i
, where mx

i = E(X i). (9)

For a multiple random variable, we define

M(t1, t2, ..., tn) = E(et1X1+t2X2+...+tnXn). (10)

Given M(t1, t2, ..., tn), the third order moment is given by the third derivative
of the moment generating function at t = 0.

In the applied non-linearity test, we calculate the third order moment and com-
pare its expected value with the third order moment of the time series of the
surrogate data, generated by the Amplitude Adjusted Fourier transform (AAFT)
method.

Surrogate data testing and AAFT method

The surrogate data test consists of a null hypothesis H0 of a given data set, see
[28, 30]. The significance level of the test is given by α. The non-linearity test used
in the following, considers the null H0 and the alternative H1 hypotheses defined
by,

H0 ≡ {xt is generated by linear Gaussian process},
H1 ≡ {xt is not generated by linear Gaussian process}.

The surrogate data is generated using a method of Fourier Transform (FT) and
phase randomization. The FT of a time series x = (x1, ..., xN ) with length N and
zero mean, is given by [30],

f(ω) =
1√
2πN

N∑

t=1

e−iωtxt,−π ≤ ω ≤ π. (11)
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The surrogate data yt, with fixed Fourier amplitudes |f(ωj)| and uniform distributed
random numbers φrand(ωj) ∈ [0, 2π], is given by,

yt =

√
2π

N

N∑

j=1

eiωjt|f(ωj)|eiφrand(ωj ) . (12)

The original data can be reconstructed by the inverse FT, see [30]. The FT sur-
rogates yt are asymptotically uniform and normal distributed. Therefore, it can
be easily established whether the surrogates do have the same distribution as the
original data.

We use the method of Amplitude Adjusted FT (AAFT)-Surrogates.

AAFT method

This method assumes, that the surrogate time series and the original time series
are comparable on the basis of their higher-order moments. Hence, to test if the
original data and the surrogate data are derived from the same distribution, one
uses the Skewness and Kurtosis, i.e. third and fourth order moments of the original
and surrogate time series.

Bootstrapping is used to compare the Skewness, i.e. measure of symmetry
around the mean of the time series, of the original with the surrogate time series
based on test statistics, see [2, 8, 54].

• If these third-order moments are equal for both series, we conclude that the
original data is linear.

The bootstrapping method from [2], aims to find a third-order estimate in the region
0 ≤ ξ1 ≤ ξ2 ≤ M , with M as a truncation value (1 ≤ M ≤ N). The integers ξ1
and ξ2 define the serial indicates for the calculation of the third-order moments, i.e.
Xl, Xl+ξ1 , Xl+ξ2 . And ∆# := {(ξ1, ξ2) : 0 ≤ ξ1 ≤ ξ2 ≤ M, ξ1 + ξ2 > 0} defines the

regions of the bootstrap series. The cardinality of the test is T# := (M+1)(M+2)
2 −1.

For more details see [2].

3.2 Characteristics of Underlying Dynamics

Average Mutual Information (AMI) – Delay τ

For linear time-series, the auto-correlation function (ACF) is a proven and sufficient
method to calculate the time delay, see [13, 14]. But as this method is inappropriate
for non-linear systems, [13, 14] introduce an alternative to the ACF the AMI for
non-linear systems. Given that AMI is based on probability densities, it detects
the density of episodes, which resemble each other and therefore lie close together
in the phase space, [13, 14]. Similar to the (ACF) method, the aim is to determine
the first delay τ which minimizes AMI, and hence assures independent coordinates.

Definition 3.2. (Average Mutual Information (AMI))
Let xn, n ∈ [N ], N ∈ N be a data series and xn+τ be delayed data points. Further
define P (xn) as frequency distribution of a single data point. The joint probability
of two data points, xn and xn+τ , is then given by P (xn, xn+τ ). In [14], the AMI
with respect to time series delay τ , is specified via,

I(τ) = −
N∑

i=1

P (xn, xn+τ )ln

(
P (xn, xn+τ )

P (xn) · P (xn+τ )

)
. (13)
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The optimal τ is given by

argmin
τ

I(τ), (14)

s. t. ∀ τ
′
< τ : I(τ) < I(τ

′
). (15)

Numerically, the optimal delay is easy to find. One simply has to plot I(τ)
against the τ -range, and choose the τ of the first minimum, see [13, 14].

False nearest neighbors (FNN) – Embedding DE∗

Given τ , we are able to construct d-dimensional delay vectors y defined by,

y ∈ Rd, y = [xn, xn+τ , ..., xn+(d−1)τ ], (16)

with n = 1, and N ′ = N − (d− 1)τ , see [13, 14, 20], which, all together, reconstruct
an orbit. d is called the embedding dimension, see [20]. The concept of False
Nearest Neighbors (FNN) helps detect the appropriate embedding dimension DE∗

in the following way:
Two nearby vectors y1 and y2 of the form (16), are referred to as FNNs if, given

a certain threshold R, [14],

|x1
n+dτ − x2

n+dτ |1
||x1

n+dτ − x2
n+dτ ||2

> R, (17)

where ||.||ℓ refers to the ℓ-norm.
Extending the embedding dimension d, step-by-step by 1, such that the num-

ber of neighbors drops, while the number of FNNs increases, yields the optimal
embedding dimension DE∗ , [14].

Definition 3.3. (Embedding DE∗)
The embedding dimension DE∗ = d+ i, i ∈ N, when,

#neighbors in dimension d+ i,

#neighbors in dimension d
→ 0. (18)

Plotting the quotient in equation (18) against d + i, i ∈ N, we derive a falling
curve as i increases. The curve tends to zero for i → ∞. Hence, DE∗ equals d + i
at the first local minimum.

Embedding theorems

Equipped with the delay τ and a sufficiently large embedding dimensionDE∗ , we are
able to reconstruct a phase-space, which resembles the phase-space of the true dy-
namical system of the time series, see [45]. This is possible, as it can be shown that
under given conditions, there exists a diffeomorphism between the reconstructed
orbit and the orbit in the original phase space, see [20]. A diffeomorphism is topo-
logical preserving one-to-one mapping. The basic theory behind the phase space
reconstruction can be found in [20, 36, 45, 48].

Lyapunov exponents

We apply the theory of Lyapunov exponents to analyze the population model S0

in (3). This section introduces the definitions of the Lyapunov spectrum and the
MLE. The spectrum allows to classify the kind of attractor characterizing the system
dynamic, see [38, 39, 56]. The MLE helps make inference about system stability
and predictability, see [20, 26]. Several ways to calculate the Lyapunov exponents
exist (see [49]).
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Lyapunov spectrum

The spectrum of Lyapunov exponents is the result of the expansion of neighbor
points, which were initially clustered in a d-dimensional sphere. Starting with initial
conditions of a dynamical system, we will end up with a d-dimensional ellipse as
t → ∞, see [56]. The principal axes pi, i ∈ {1, ..., d} of the d-dimensional ellipse is
the Lyapunov spectrum, [38, 53, 56],

Definition 3.4. (Lyapunov spectrum)
Given the i-th principal axis of the d-dimensional ellipsoid at time t and at initial
time, the Lyapunov spectrum {λ1 > ... > λi−1 > λi > λi+1 > ... > λd} is then
defined by

λi = lim
t→∞

log
p(t)i
p(0)i

, ∀i ∈ [d]. (19)

The spectrum allows to makes inter alia, the following conclusions about the
dynamical system, see [51, 53, 56]:

• The exponents describe the speed at which the axes of the attractor diverge
or contract, depending on their sign and absolute value

• λi > 0 fit averaged expanding axes pi(t) and λi < 0 fit averaged contracting
axes pi(t)

• With the signs of Lyapunov spectrum one can classify the system attractor
(e.g. in 3 D):

Table 1: Type of attractor defined by the Lyapunov spectrum
Spectrum-signs Attractor-type
(−,−,−) fixed point
(0,−,−) limit cycle
(0, 0,−) two-torus
(+, 0,−) chaotic attractor

Maximum Lyapunov exponent (MLE)

A positive MLE indicates limited predictability dependent on its speed of diver-
gence, which is given by its absolute value, while a negative MLE promises unlimited
prediction. Therefore, the MLE is used to calculate the future time horizon.

Considering a spectrum {λ1 > ... > λi−1 > λi > λi+1 > ... > λd}, the MLE
is represented by λ1, see [51, 53, 56]. The MLE describes, how small errors δ0 =
|xn−x

′
n| between recurrent points xn, x

′
n of a (time series) trajectory Xn will develop

(exponentially) in its future error δl = |xn+l − x′
n+l|, l ∈ N samples ahead, see

[20, 53],

Definition 3.5. (MLE)
The MLE λ1 is given by

|δl| ≈ δ0e
λ1l. (20)

The type of motion can be determined according to Table 2, see [26].
Thus the MLE helps classify the system dynamics, and determines its pre-

dictability.

8



Table 2: System motion–Maximum Lyapunov exponent
Motion-type classified by the MLE, (λ1)
stable fixed-point λ1 < 0
stable limit cycle λ1 = 0
chaos ∞ > λ1 > 0
noise λ1 = ∞

3.3 Algorithms for calculating MLE

In this section we present three approaches for the calculation of the MLE. We will
shortly describe the algorithms and state their fundamental differences.

Rosenstein

The Rosenstein algorithm implements Definition 3.5 to calculate the MLE. The
algorithms follows the steps according to [42].

In the first step, the embedding dimension and the reconstruction delay are
determined. The determination of these delay uses the fast Fourier Transformation
(FFT), while the embedding dimension is based on Takens Theorem, see [35]. The
mean period is the mean frequency of the power spectrum. Then the FNNs are
calculated for all points on the trajectory to determine pairs of nearest neighbors.
These pairs and their distances are used as initial conditions for several trajectories.
The rates of separation, i.e. the distance between neighboring points exceeding the
mean period, of the neighboring points are summed and averaged. The averaged
sums are the potential MLEs, as they represent the divergence of neighboring points
according to MLE with initial separation C, i.e. d ≈ Ceλ1∆t. This relationship is
used to create parallel lines, ln(d) ≈ ln(C) + λ1(∆t). The MLE finally is given by
the maximal slope of the least-squares fit to all parallel lines.

Kantz

The algorithm by Kantz follows mainly the steps of the Rosenstein method. The
biggest difference between the two approaches is that the Rosenstein method con-
siders only very close recurrent points, while, in the Kantz approach, the initial
neighborhood size ǫ is adaptable. The MLE from the Kantz method is the maximal
linear slope of the lines S(ǫ,DE∗ , t). S(ǫ,DE∗ , t) is defined in [20] in the following
way:

Given an initial neighborhood size ǫ > 0 and the estimated embedding dimension
DE∗ (see Section 3.2), the approach calculates, for all DE∗ > D0,

S(ǫ,DE∗ , t) =

∣∣∣∣∣∣

∣∣∣∣∣∣
ln


 1

|Xn|
∑

x′
n∈Xn

xn+t − x
′
n+t



∣∣∣∣∣∣

∣∣∣∣∣∣
n

, (21)

where t describes the iterative steps of the time series Xn with || · ||n as the n-
norm. As S(ǫ,DE∗ , t) is linearly, increasing, decreasing or constant with time t, its
maximal slope presents the value of MLE λ1.

See [20, 25] for details on the Kantz algorithm.

Wolf

We describe the procedure according to [42, 56].
The Wolf algorithm considers only a part of the available data, the so called

fiducial trajectory. This trajectory presents the non-linear part of a system. Fur-
thermore, the Wolf method uses the Gram-Schmidt reorthonormalization (GSR)
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procedure together with a phase-space and tangent-space approach. In the algo-
rithm the nearest neighbors are searched and replaced as soon as the separation of
the fiducial trajectory becomes too large. The GSR procedure makes sure that the
replaced neighbor follows the right phase-space orientation.

Using the GSR procedure, the Wolf algorithm is computationally more complex,
than e.g. the algorithm by Kantz or Rosenstein, see [42].

Strange Attractors

The dimension of attractors can not be described with usual dimensional terms, as
the structure is too irregular, see [51]. However, the fractal dimension D has been
introduced to measure the dimension of such irregular attracting sets, [31, 34]. The

fractal dimension is defined by D = log (N)
1
r

, where N is the number of segments of

length r, which are needed to cover the whole attractor [31]. A segment can be a
cube or a circle and the length of the segment is respectively the edge length of the
cube or the circle radius. It is challenging to determine the fractal dimension of an
attractor. The Kaplan-York-dimension can however be used as an estimate to the
fractal dimension D. The definition of the KY-dimension is based on the Lyapunov
spectrum, see [51].

Definition 3.6. (Kaplan-York-dimension (DKY ))
If λ1 ≥ λ2 ≥ ... ≥ λn are the Lyapunov exponents of a dynamical system in Rn and
j is the largest integer for which λ1+λ2+ ...+λj−1+λj ≥ 0, then the Kaplan-York
(KY)-dimension is given by

DKY = j +

j∑
i=1

λj

|λj+1|
. (22)

Definition 3.7. (Strangeness)
An attractor is strange, i.e. sensitive to initial conditions, if its attracting set is
fractal in nature.

Example 3.1. (Non-strange attractors)
Three examples for non-strange attractors are given in [51]. Fix point attractor is
non-strange and approaches the geometric structure of an equilibrium point. The
Limit cycle attractor is associated with periodic motion, and a Torus attractor with
an quasi-periodic motion, see [51].

Example 3.2. (Strange attractors)
Examples of strange attractors can be found in [13, 17]. In the literature, the
Roessler, Lorenz, and Henon attractors are perhaps the most analysed. Figure 1
shows an example plot of the Henon attractor for parameters (b = 0.3, a = 1.4).

10



−1.5 −1 −0.5 0 0.5 1 1.5
−2

−1

0

1

2
Henon attractor

Figure 1: Example of a strange attractor

Remark 3.1. (DKY - dimension)

• If DKY is an integer, the attractor is not strange. It is strange otherwise.

• Orbits of non-strange attractors can be predicted, given initial conditions on
the orbit.

• Strangeness does not imply chaos, but chaos implies strangeness. Chaosmeans
that the system is not predictable at all, while strangeness only states that the
phase space motion shows an unusual geometric behavior, see [51].

3.4 Predictability and Forecast Horizon

In order to make inference about the predictability and forecast horizons of our sys-
tem, we employ the MLE. A positive MLE implies that the system is unpredictable,
as the system trajectories will diverge in the long run. Therefore the forecast time
horizon (prediction time) Tp for λ1 > 0 is finite, see [39]. However a MLE < 0
results in the forecast horizon Tp = ∞, see [39].

Given a delay vector [s(m−1)τ+1, ..., sN ] ∈ Rm the aim is to forecast a new
measurement, ∆n time steps in the future based on the last measurement sN , given
a threshold ǫ. Its value has to be chosen, such that all values within this threshold
are candidates for good forecasts of sN . Hence, we define the neighborhood Uǫ(sN )
around sN containing all points less than ǫ away from sN .

For all the points in the neighborhood Uǫ(sN ), we find the embedding vectors
sn ∈ Uǫ(sN ) and predict their values, sn+∆n.

The prediction ŝN+∆n of sN is then given by the average over all forecasts
sn+∆n, see [26],

ŝN+∆n =

∑
sn∈Uǫ(sN )

sn+∆n

|Uǫ(sN )| . (23)

The divergence in the neighboring points indicate how good the prediction
ŝN+∆n is, compared to the prediction of point sN+∆n in direction of the delay-
coordinate. A small forecast error indicates that the predictions ŝN+∆n and sn+∆n

are close, and thus we can accept the prediction to be good.
The difference between ŝN+∆n and the prediction of sN+∆n is calculated for

each n time step ahead and defined as the root mean squared (rms) forecast error,
Error := ||ŝN+∆n − sN+∆n||2.
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In the next section an illustrative example shows the calculation of the embed-
ding dimension, the delay and forecast error. The algorithms for the calculation of
the MLE are compared.

4 Illustrative Example–the Henon-map

Example 4.1. (Henon-map)
The Henon-map [56] is defined by

Xn+1 = 1− aX2
n + Yn, (24)

Yn+1 = bXn. (25)

where b = 0.3, a = 1.4, and initial values (X0, Y0) = (0.1, 0.1).

We generate 1500 data points of equation (24)-(25). The aim is to illustrate the
numerical methods using the generated time series.
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Figure 2: Results of the Henon-map

Figure 2.a shows the plot of FNNs, which has its first minimum around 2.
Therefore the embedding dimension is set to D∗

E = 2. Figure 2.b shows the graph
of the AMI. Here, we derive a first minimal τ at approximately 5. Hence, we set
the optimal delay τ = 5. We could have equally set τ = 13. This shows that an
exact decision on the values of m and τ is not always clear.

As the MLE is positive λ1 = 0.4 > 0 (see λMLEK in Comparing MLE-algorithms),
we conclude that the dynamic is chaotic, see [51]. If λ1 = 0, we would have a non-
chaotic attractor. The positivity of λ1 implies unpredictability of the system, which
results in large forecast errors for low iteration steps (see Figure 2.c) and limited
prediction time Tp. The KY-dimension (see Definition 3.6) in Table 6 indicates
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further that the attractor of the Henon-map is strange, as it is a non-integer, [51].
The strangeness of the attractor follows directly from the fact that the system is
chaotic.

Comparing MLE – algorithms
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Figure 3: Results of the different MLE-Algorithms

The results of the three algorithms are presented in Figure 3.a,.b,.c. The MLE
from Figure 3.a with the Rosenstein scheme is the maximal slope of the linear line-
segment. We calculate λMLER = 0.35. For the MLE from the Kantz algorithm, we
derive the value λMLEK = 0.4 by choosing the steepest slope of all lines, see Figure
3.b. From the Wolf algorithm, we observe that the plot in Figure 3.c converges to
the value 1.35. Hence, we derive λMLEW = 0.375. The different approximation
techniques yield different results, which are close to each other.

Compared to the correct MLE of the Henon-map, see Table 7, the Kantz algo-
rithm yields the best result for this example, followed by the Wolf algorithm and
the Rosenstein algorithm. And the linear increase in Figure 3.b indicates exponen-
tial divergence of related trajectories, which results in chaotic behavior. The Wolf
algorithm is very sensitive to different times between time series sample values and
requires long series data in order to converge.

In this manuscript the applicability of these three schemes may change depend-
ing on the time series. Only one of the three methods are used at a time in the
numerical experiments. If all three algorithms provide similar results, this will be
mentioned.

The next chapter specifies the set-up of the numerical experiments of model S0.
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5 Description of numerical Experiments

We consider model S0 from system (3) with the Holling-II function as resource-
growth function. For the experiments, we aim to vary the Holling-II function to
see the effect of a changing food-basis on the mature population. We consider
two situations conditioned on the parameters θ2 = {a, b}. A selection for different
possible parameters for the Holling-II function is represented in Figure 4.
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Figure 4: Holling-II function f(t) for different parameter values θ2

Table 3: Parameter settings for the numerical experiments
Parameter Settings

Scenarios θ2-condition τ1 τ2 Comments

1 a = b 0 0 ODE-setting
2 a = b 1.2 0 τ1 increases compared to Scenario 1
3 a = b 2 0 τ1 increases compared to Scenario 2
4 a < b 0 0 θ2-set varies

The Scenarios for the numerical experiments are summarized in Table 3.

[Scenario 1 to 3]

Scenario 2 and 3 are more or less sub-cases of Scenario one, as we increase only the
delay value τ1. The goal is to detect the critical τ∗, as well as to study the effect
of τ as its value increases. τ∗ is critical in the sense that we expect a change of
dynamics at τ∗, such that the dynamics for τ < τ∗ are significantly different from
the dynamics for τ∗ < τ .

[Scenario 4]

Scenario 4 looks at the effect of changed resource-growth-parameters on the dynam-
ics.

For each of the Scenarios, we follow the procedure described in Section 3, i.e.
checking for the time series non-linearity and application of non-linear methods to
determine MLE, and predictability of the system. We present the model time series
and the reconstructed phase space dynamics of the mature series, see [48].

The next chapter presents the results from the non-linearity test and the model
analysis.
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6 Results

This section begins with the test for non-linearity on the mature time series and
moves on to the model analysis for the different scenarios. We present further the
results from the analysis of the mature state. As the results of the model analysis of
the immature stage and the resource are very similar to the results of the mature,
we will skip their analysis and only concentrate on the mature.

Summary – Non-linearity Test

For our time series, we chose α = 5% as significance level and a sufficient large
number of bootstrap-replicates (see [37]). The results are summarized in Table 4.

Table 4: Non-Linearity Test results with α = 5% significance-niveau
Scenario 1 2 3 4

Variable parameter Sign/value

p-value 0 0.025 0.1546 0.035
ACF-delay 7 15 30 12
AMI-delay 3 2 15 5

Bootstrap-replicates 5000 5000 5000 5000
Reject H0(yes/no;1/0) 1 1 0 1

The test-results show that except for Scenario 3, the time series of our model S0

are non-linear. This results is in accordance with the structure z(t− τ1) · x(t− τ1)
in system (3), which suggests non-linear behavior, see [23]. The exceptional result
for Scenario 3 might be justified, by the fact that the bootstrap-methods may fail
for low-chaotic time-series (see [52]).

The next section presents results from the time series for each Scenario on de-
riving MLE and prediction horizon.

Model analysis – Scenario 1

In Figure 5.a the trajectory plot presents the time series of the immature, mature
and resource for the parameters in Table 8 and 9. The trajectories converge with
oscillated decay to their equilibrium points (z∗, x∗, y∗) = (0.860, 0.437, 1.018). The
mature follow the dynamics of the immature with a different amplitude and biomass-
density. Figure 5.b emphasizes the stabilizing tendency of the mature, i.e. we see a
non-strange fix-point attractor. According to Figure 5.c the embedding dimension
is m = 4 and from Figure 5.d, we choose τ = 3.

Kantz computation in Figure 6.a shows a clear tendency. Hence, we compute
a negative MLE, λ1 = −0.13, at its maximal slope. The system is hence stable.
According to Table 2 we can expect that the dynamics tend to a stable fix point
attractor.

A negative MLE further states that the system is predictable. Therefore the
future time horizon is infinite. Figure 6.d shows the forecast error of the mature-
trajectory. The error decreases with increasing iteration steps.

Model analysis – Scenario 2

Figure 7 shows the dynamics for Scenario 2 and the parameters in Table 8 and
9. The only difference, compared to Scenario 1, is that the feedback-delay τ1 is
increased in its value. Figure 7.a shows the model trajectories. The resource, the
immature and the mature are oscillating. The constant oscillations are reflected as
well in Figure 7.b, where we observe a unstable limit-cycle attractor. From Figure
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Figure 5: Results of model analysis–Scenario 1
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Figure 6: Result of MLE-Algorithm and Forecast–Scenario 1
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Figure 7: Results of the model analysis–Scenario 2
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7.c the embedding dimension for this case is set to m = 6, while we choose τ = 15
according to the AMI plot from Figure 7.d.

From the Wolf algorithm (see Figure 8.a) we can spot convergence to 1.03, which
results in a MLE value of λ1 = 0.043. Hence, the MLE is approximately zero. A
test of the Rosenstein and the Kantz algorithm give consistent and identical results.

As λ1 is in fact positive, we might expect the time horizon to the limited.
This goes along with the forecast error in Figure 8.d. There we see an almost
linear increase in the error with increasing forecast steps. Hence, the system is not
predictable for infinite steps into the future.

Model analysis – Scenario 3
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Figure 9: Results of model analysis–Scenario 3

For the parameter values in Scenario 3, (Table 8 and Table 9), we observe
increasing oscillating dynamics in Figure 9.a. Also Figure 9.b shows expanding
dynamics. From Figure 9.c we determine m = 5 and from Figure 9.d, τ = 15.

The graph from Wolf algorithm in Figure 10.c converges to a limit 1.3. This
finally yields λ1 = 0.37. Further are the results from the Wolf and the Kantz
method comparable. Referring to Table 2, the dynamics converge to a chaotic
attractor. This implies that the attractor is strange, which can be justified by the
DY-dimension, which is 2.02.

We find a clear positive MLE in this Scenario and therefore chaotic dynamics.
The system is not-predictable. This is reflected in the forecast error plot in Figure
10.b.

Recall that the time series of Scenario 3 was detected to be linear. But as the
present analysis shows, the time series of Scenario 3 is actually chaotic. According
to [52] this could be the reason why the non-linearity test failed.
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Figure 10: Result of MLE-algorithm and Forecast–Scenario 3

In the last three Scenarios we considered the same resource-growth function
with θ2 = {2, 2}. Increasing the parameter b, the Holling-II function shows a slower
increase to its limit, see Figure 4. The effect of a slower growing resource-function
shall be studied in Scenario 4, where we use otherwise the same parameter as in
Scenario 1. As Scenario 1 and 4 are comparable, we can study the effect of the
resource function on the dynamics.

Model analysis – Scenario 4

Figure 11.a shows trajectories with decaying oscillations. The time series converge
to their theoretical equilibrium (z∗, x∗, y∗) = (0.863, 0.257, 0.599). As we choose τ1
to be almost zero, we observe MLE < 0 and hence a similar situation as in Scenario
1. According to Figure 11.c and .d, m = 4 and τ = 5.

The Rosenstein algorithm, see Figure 12.a, shows a negative MLE of λ1 = −0.02.
A test of the Kantz and the Wolf algorithm showed similar results to Rosenstein.

Figure 11.b shows contracting orbits, which end up in a stable limit cycle at-
tractor, since λ1 ≈ 0. As DY-dim= 0 (see Table 3.6), the limit cycle attractor is
non-strange.

Given that MLE < 0 the system is predictable with an infinite future time
horizon Tp. The forecast plot in Figure 12.b matches this result. The error decreases
with increasing iteration steps.

7 Summary

This section summarizes and discusses the observations under each Scenario. Sce-
nario 1 represents a case, where τ1 = τ2 = 0. The absence of delay-interruptions
yielded a negative MLE, which leads to contracting trajectories towards the fix-point
attractor. The constant biomass flow from the resource into the population-stages
allows the mature to develop stable dynamics.

For Scenario 2, the dynamics underwent a limit cycle at τ1 = 1.2. We observed
constant oscillation in the immature and mature time series. MLE ≈ 0 indicates
that the ellipsoidal axes pi follow no particular trend. The system orbits evolve
therefore to a limit cycle attractor.

In Scenario 3, τ1 = 2. The system orbits drifted away from each other as MLE
> 0, resulting in a chaotic attractor. The chaotic time series caused the failure of
the bootstrap non-linearity test, see [52].
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Figure 11: Results of model analysis–Scenario 4
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Figure 12: Result of MLE-algorithm and Forecast–Scenario 4
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The ODE-setting in Scenario 4 leads to contracting system orbits, similar to
Scenario 1. This is because there is an uninterrupted stream of resource. We can in
addition observe an effect of the resource-growth function on the dynamics compared
to Scenario 1. Here the slower convergence of the resource-growth function, as b > a,
leads to a slower evolution of the matured stage. In contrast to Scenario 1, where
the dynamic was a fixed point attractor, the dynamic in Scenario 4 represents a
stable limit cycle.

8 Conclusion

The fact that the chosen resource-growth function in the numerical experiments
was converging, made the analysis and the interpretation easy. For a system with
non-converging resource-growth function, for example, a quadratic resource-growth
function, we might draw different conclusions and observe different dynamics.

The analysis also shows that only systems with a small delay-value, hence ODE-
models are stable and predictable, see also [29, 32]. On the contrary DDE-models
are often chaotic and therefore hardly predictable, see e.g. of [44]. The authors
of [44] state that DDE-models are chaotic, and representative of e.g. the Ruelle-
Takens-Newhouse (RTN) scenario, see [9, 18, 58]. The RTN scenario states that a
system transits into chaos after three bifurcations, i.e. fixed point–limit cycles–two-
tori–three-tori–chaos.

We observed from Scenario 1 and 4 that the resource-growth function deter-
mines, if the system converges to a fix-point attractor, if a = b or to another stable
attractor, if b > a, for fixed τ1 with τ1 sufficiently small. This first steps are similar
to the RTN scenario, see [44]. However, we missed the change into a torus attractor
and chaos for fixed τ1, as we did not put the emphasis on gradual changes of pa-
rameter value b, or on bifurcations. Moreover, this shows that small changes in the
resource-growth parameters have a marginal effect on the whole dynamics. Define
τ∗ as the delay value, where a limit cycle occurs. From tests with Scenario 4, i.e.
the ODE-system, we observed that for a = b, τ∗ = 1.2, while for b > a, τ∗ = 0.5.
For τ1 < τ∗, the system results in a stable attractor, while the case for τ1 ≥ τ∗

leads to an unstable attractor. It appears that τ∗ is the critical delay value, where
the system dynamic changes. This shows that the resource-growth parameter have
influence on the value of τ∗. However, as τ1 is fixed, a change in the τ∗-value can
easily lead to a change of the attraction set as τ∗ could become smaller or larger
than τ1. Thus, the resource function influences the value of τ∗ and therefore the
dynamics and stability of the system. As the critical delay value τ∗, at which the
system switches over into chaos can be very small, a discussion of the prediction
of a delay-system only makes sense when τ∗ is known and the system delay is less
then the critical value τ∗.

In [12], we found a similar result except that we considered a two-dimensional
transition to instability at the equilibrium points. This manuscript extends the
results in [12], by showing that resource-parameters and delays affect the system
predictability. The predictability horizon of the matures is linked to the transition
into chaos, with chaos indicating unpredictability.

The results are dependent on the MLE in determining the system dynamics and
predictability. This is because the algorithms for the MLE are more reliable than
those for the Lyapunov spectrum, see [20, 56]. We could confirm, for all four Sce-
narios, that the MLE described the dynamics better than the calculated Lyapunov
Spectrum, see Table 11. And as the MLEs and λ1 (in Table 11) did not coincide,
we concentrated on the MLE to avoid confusion. The only drawback with concen-
trating on the MLE is that the dynamical attraction set can be better classified
considering the whole spectrum, e.g. compare Table 2 and Table 1. Notably, if we
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had wanted to reconstruct the RTN scenario for changing parameter b and fixed
τ1, the Lyapunov spectrum would have made it easier to compare between a torus
attractor and chaos.

The analysis presented in this manuscript show that each ODE-based model
on population dynamics will fail to describe the correct dynamics of the system, if
delays are neglected.

9 Extension

Natural biological populations are characterized by population perturbations result-
ing from birth and harvest impulses. Together, these impulses will be expected to
affect the system trajectories and possibly predictability. In a sequel manuscript, I
shall examine the dynamics of S0 under perturbations.
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A Tables

Table 5: Nomenclature for the population model S0 in (3)

z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
y(t) ∈ R+ Biomass of mature population
t ∈ R Simulation time
z∗ ∈ R+ Equilibrium of the resource
x∗ ∈ R+ Equilibrium of the immature
y∗ ∈ R+ Equilibrium of the mature
τi ∈ R, i ∈ {1, 2} Time delays
f(z(t), θi), i = 2 Resource-growth-function (Holling-II function)
θ2 ∈ R Parameter-set of the resource-growth function f(z(t), θ2)
ax ∈ R+ Resource uptake rate of the immature population
µ ∈ (0, 1) Resource conversion rate into biomass
dx ∈ (0, 1),dy ∈ (0, 1) Mortality rate of x(t), y(t)
δ ∈ (0, 1) Maturation rate

Table 6: Numerical results of the Henon-map example from Section 4
Lyapunov Spectrum λ1 = 0.421 λ2 = −1.463

KY-Dim 1.288
MLE 0.421

Table 7: Exact values of the Henon-map (a = 1.4, b = 0.3), see [5, 46, 56]
Lyapunov Spectrum (correct values, [5]) λ1 = 0.408 λ2 = −1.620

KY-Dim 1.260
MLE (from [46]) 0.419

Note, that the MLE value was numerically calculated in [46]. It might therefore
be prone to errors in its calculation. That notwithstanding, it is good enough to
compare it with the correct values from [5], as well as with the results from the
illustrative examples. Further it shall be noticed that the exponents from Table
6 give better estimates to the correct values of the Lyapunov spectrum than the
polynomial fits in Table I on page 43, see [5].
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Table 8: Variable parameters used in the numerical experiments
Scenario 1 2 3 4

Variable parameter Sign/value

τ1 0.1 1.2 2 0.1
τ2 0.1 0.1 0.1 0.1

θ2 = {a, b} {2,2} {2,4}
Holling-II parameter a = b a < b

Table 9: Fixed parameters used in the numerical experiments
Parameter ax µ dx dy {z0, x0, y0} δ

Value 1.6 0.4 0.2 0.15 {2.0, 1.0, 0.5} 0.35

Table 10: The table presents the embedding dimension, D∗
E and optimal delay, τ ,

determined from the FNN- and MI-method
Scenario 1 2 3 4

Mature state Sign/value

D∗
E 4 3 3 4
τ 3 2 15 5

Table 11: Calculated Lyapunov spectrum for all scenarios. The dimension of Lya-
punov spectrum coincides with the embedding dimension DE∗ from Table 10

Mature state Sign/value
Scenarios Spectrum

1 0.1067 0.0174 -0.2942 -0.6485
2 0.0235 -0.1208 -0.4167 -
3 0.0729 -0.0503 -1.2596 -
4 0.03162 -0.0599 -0.7159 -1.2422

Table 12: Kaplan-York-dimension
Scenarios KY-Dimension (see Definition 3.6)

Mature state Sign/value

1 0 , as λ1 < 0
2 1 , as λ1 ≈ 0
3 2.0179 , as λ1 > 0
4 0 , as λ1 ≈ 0
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ABSTRACT
This paper studies the dynamics and stability of a stage-structured (immature/mature) population. The emphasis is
on how resource available to the immature stage indirectly regulates the dynamics of the mature stage, where the
resource is defined by a Holling-II function. We present the results from numerical experiments, where inference
about stability and predictability of the system dynamics is based on the theory of Lyapunov exponents. Our results
show that there exists a critical delay beyond which the system dynamics transits into chaos and are hence, not
predictable. Systems with delay values smaller than the critical value are stable and therefore predictable.
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1. Introduction
In the literature, resource availability is considered as limiting
factor of population growth, [50]. Ecologists have observed this
phenomenon, explicitly for single-species, where population dy-
namics tend to fluctuate, cycle or exhibit behaviors that depend on
resource [51, 52, 54]. In [53], it is shown that two disjoint species
may react differently to their changing food environments.

While [31] studied the effect of varying resource on the dy-
namics and stability of a marine population. They analyzed a
two-stage structured (mature/immature) population model with
a delay term in the conversion of resource into biomass. The
significance of different functional representations of the resource
was investigated, and it was analyzed how varying functional
parametrizations lead to different types of dynamic forcing at the
immature population stage.

Motivated by [31], the aim of this paper is to analyze the
combined effect of resource availability and delays on a dynami-
cal systems. Depending on a changing resource availability and
delays, we analyze sensitivity to initial conditions and the system
predictability . The forecast horizon and predictability of the time
series will be based on maximum Lyapunov exponents (MLEs).

General system dynamics for x(t) ∈ Rn can be described by
the autonomous ordinary differential equation (ODE) system (1),
where f is a functional operator, [16]. It is possible to obtain
analytical results about the system stability, sensitivity to initial
conditions, and predictability, and there is an abundance literature
on these issues [11, 12, 13, 14, 15].

ẋ(t) = f (t,x(t)) (1)

A variant of system (1) is given by (2), which involves, in
addition, a previous solution x(t−τ) of x(t) at 0< τ ≤ T, T ∈R,
τ-time-steps in the past, [16, 17].

ẋ(t) = f (t,x(t),x(t− τ)) (2)

The parameter τ is called delay. System (2) can depend on
several delays, see [17]. For this particular system, obtaining
closed form solutions is challenging, and analytical tools are ei-
ther unavailable or limited. Time series analysis offers a viable
approach to obtaining information about the system dynamics.
The approach involves applying time series analysis methodolo-
gies to a finite data set from the system defined by (2). This has
the advantage of making inference on the system dynamics with-
out knowing the exact mathematical model structure. A particular
challenge to the time series application arises when the system
dynamics is sensitive to initial conditions.

The Lyapunov exponents present a methodological approach
for the study of such chaotic series, [18, 19, 20, 21]. The ex-
ponents help in classifying system characteristics, and for time
series prediction, see [21, 25, 26, 27, 28]. For the system defined
by (2), the Lyapunov exponents can be determined from the sys-
tem time series [22] or by an approximation of the delay terms,
see [23].

This manuscript applies the methodology of a time series ap-
proach, in order to analyze how the predictability and dynamical
structure of a single-species population is influenced with re-
spect to its resource availability and its delay-time, τ , in biomass
growth.

2. Model and Methods and Materials

2.1 Model Description
Throughout this work, we adopt the nomenclature in Table 1. The
base-case model S0 is given by (3):

S0 ≡





ż(t) = f (z(t),θ)−axz(t)x(t),
ẋ(t) = µaxz(t− τ1) · x(t− τ1)−dxx(t)−δx(t),
ẏ(t) = −dyy(t)+δx(t− τ2),

(3)
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Table 1. Nomenclature

z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
y(t) ∈ R+ Biomass of mature population
z∗, x∗, y∗ ∈ R+ Equilibrium values
t ∈ R Simulation time
τi ∈ R, i ∈ {1,2} Time delays
f (z(t),θ) Resource-growth-function
θ ∈ R Parameter-set
ax ∈ R+ Resource uptake rate of the immature
µ ∈ (0,1) Resource conversion rate into biomass
dx ∈ (0,1),dy ∈ (0,1) Mortality of x(t),y(t)
δ ∈ (0,1) Maturation rate

with τ2 ≈ 0 and f (z(t),θ) : R+ 7→ R+ defined by (4),

f (z(t),θ) =
az(t)

b+ z(t)
, (4)

where a = αb with a ∈ R+, b ∈ R+ and α ∈ R+. The resource-
growth function f (z(t),θ) in equation (4) is known as the Holling-
II function.

The parameter dx and dy are the death rates, respectively of
the immature and the mature population, while δ is the rate at
which a part of the immature stage transitions to the mature stage.
The constant ax represents the scale of food uptake at (t− τ1),
with τ1 representing the delay in the feedback-cycle between
ingestion and biomass growth. The parameter µ controls how
much of the resource uptake is converted into biomass. Thus,
the food induced biomass change ẋ(t) at t, is regulated by the
prior population biomass and the resource density. The mature
population changes in its biomass ẏ(t) due to maturation and
natural mortality.

The fixed model parameters are summarized in Table 2.

Table 2. Fixed model parameters

Parameter ax µ dx dy {h1,h2,h3} δ
Value 1.6 0.4 0.2 0.15 {2,1,0.5} 0.35

2.2 Analysis of time series from the system S0
We use non-linear methods to analyze the time series (zt ,xt ,yt).

However, we first need to establish that the time series is
indeed non-linear, see [32]. Next, we determine the embedding
dimension of the underlying dynamic, and ultimately the MLEs.

Non-linearity Test
Non-Gaussianity is indicative of non-linearity of a time series,
[32]. The approach for testing Gaussianity involves third order
moments and surrogate data testing. The third order moment
of a Gaussian time series is zero, see [33], while surrogate data
tests are based on hypothesis testing, build on assumption of the
statistical distribution of the observed time series.

Given the moment generating function M(t1, t2, ..., tn), the
third order moment is given by the third derivative of the moment
generating function at t = 0, [33].

In the applied non-linearity test, we calculate the third order
moment and compare its expected value with the third order
moment of the time series of the surrogate data, generated by the
Amplitude Adjusted Fourier transform (AAFT) method.

Surrogate data test
The surrogate data test consists of a null hypothesis H0 of a given
data set, see [34, 35]. The significance level of the test is given
by α . The non-linearity test used in the following, considers the
null H0 and the alternative H1 hypotheses defined by,

H0 ≡ {xt is generated by linear Gaussian process},

H1 ≡ {xt is not generated by linear Gaussian process}.

The surrogate data is generated using a method of Fourier Trans-
form (FT) and phase randomization. The FT of a time series
x = (x1, ...,xN) with length N and zero mean, is given by [35],

f (ω) =
1√

2πN

N

∑
t=1

e−iωtxt ,−π ≤ ω ≤ π. (5)

The surrogate data yt , with fixed Fourier amplitudes | f (ω j)| and
uniform distributed random numbers φrand(ω j) ∈ [0,2π], is given
by,

yt =

√
2π
N

N

∑
j=1

eiω jt | f (ω j)|eiφrand(ω j) . (6)

The original data can be reconstructed by the inverse FT, see [35].
The FT surrogates yt are asymptotically uniform and normal
distributed. Therefore, it can be easily established whether the
surrogates do have the same distribution as the original data.

AAFT method
This method assumes, that the surrogate time series and the origi-
nal time series are comparable on the basis of their higher-order
moments. Hence, to test if the original data and the surrogate data
are derived from the same distribution, one uses the Skewness
and Kurtosis, i.e. third and fourth order moments of the original
and surrogate time series.

Bootstrapping is used to compare the Skewness, i.e. measure
of symmetry around the mean of the time series, of the original
with the surrogate time series based on test statistics, see [33, 36,
37].

• If these third-order moments are equal for both series, we
conclude that the original data is linear.

The bootstrapping method from [36], aims to find a third-order es-
timate in the region 0≤ ξ1≤ ξ2≤M, with M as a truncation value
(1≤M≤N). The integers ξ1 and ξ2 define the serial indicates for
the calculation of the third-order moments, i.e. Xl ,Xl+ξ1

,Xl+ξ2
.

And ∆# := {(ξ1,ξ2) : 0≤ ξ1 ≤ ξ2 ≤M,ξ1 +ξ2 > 0} defines the
regions of the bootstrap series. The cardinality of the test is
T # := (M+1)(M+2)

2 −1. For more details see [36].
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The Embedding Parameters–τ and DE∗

We lack essential information about the true dynamical system
of the time series. The delay τ and the embedding dimension
DE∗ characterize the underlying system dynamics, such that we
are able to reconstruct the phase-space of the true dynamical
system of the time series, [38]. Determining the delay, τ , we
apply the Average Mutual Information (AMI)-method, and for
the embedding dimension, DE∗ , we calculate the False-Nearest
Neighbors (FNN) from the time series. Given that AMI is based
on probability densities, it detects the density of episodes, which
resemble each other and therefore lie close together in the phase
space, [39, 40].

Definition 2.1 (Average Mutual Information (AMI))
Let xn,n ∈ [N],N ∈ N be a data series and xn+τ be delayed data
points. Further, define P(xn) as frequency distribution of a single
data point. The joint probability of two data points, xn and xn+τ ,
is then given by P(xn,xn+τ). In [40], the AMI with respect to time
series delay τ , is specified via,

I(τ) = −
N

∑
i=1

P(xn,xn+τ)ln
(

P(xn,xn+τ)

P(xn) ·P(xn+τ)

)
. (7)

The optimal τ is given by
{

argmin
τ

I(τ)

s. t. ∀ τ ′ < τ : I(τ)< I(τ ′)
(8)

Numerically, the optimal delay is easy to find. One simply has
to plot I(τ) against the τ-range, and choose the τ of the first
minimum, see [39, 40].

Given τ , we are able to construct d-dimensional delay vectors
y defined by,

y ∈ Rd , y = [xn,xn+τ , ...,xn+(d−1)τ ], (9)

with n = 1, and N′ = N− (d−1)τ , see [26, 39, 40], which, all to-
gether, reconstruct an orbit. d is called the embedding dimension,
see [26]. The concept of False Nearest Neighbors (FNN) helps
detect the appropriate embedding dimension DE∗ in the following
way:

Two nearby vectors y1 and y2 of the form (9), are referred to
as FNNs if, given a certain threshold R, [40],

|x1
n+dτ − x2

n+dτ |1
||x1

n+dτ − x2
n+dτ ||2

> R, (10)

where ||.||` refers to the `-norm.
Extending the embedding dimension d, step-by-step by 1,

such that the number of neighbors drops, while the number of
FNNs increases, yields the optimal embedding dimension DE∗ ,
[40].

Definition 2.2 (Embedding DE∗ )
The embedding dimension DE∗ = d + i, i ∈ N, when,

#neighbors in dimension d + i,
#neighbors in dimension d

→ 0. (11)

Plotting the quotient in equation (11) against d + i, i ∈ N, we
derive a monotone decreasing curve as i increases. The curve
tends to zero for i→ ∞. Hence, DE∗ equals d + i at the first local
minimum.

Maximum Lyapunov exponent (MLE)
The MLE describes, how small errors δ0 = |xn− x

′
n| between

recurrent points xn,x′n of a (time series) trajectory Xn will develop
(exponentially) in its future error δl = |xn+l−x′n+l |, l ∈N samples
ahead, see [26, 30],

Definition 2.3 (MLE)
The MLE λ1 is given by

|δl | ≈ δ0eλ1l . (12)

A positive MLE indicates limited predictability, while a negative
MLE promises unlimited prediction. The MLEs in this article are
determined computationally, with either the algorithm of Kantz
[42], Rosenstein [9] or Wolf [21].

Predictability and Forecast Horizon
For λ1 > 0 the forecast time horizon (prediction time) Tp is finite,
see [41]. However a λ1 < 0 results in the forecast horizon Tp = ∞,
see [41].

Given a delay vector [x(m−1)τ+1, ...,xN ] ∈ Rm the aim is to
forecast a new measurement, ∆n time steps in the future based on
the last measurement xN , given a threshold ε . Its value has to be
chosen, such that all values within this threshold are candidates
for good forecasts of xN . Hence, we define the neighborhood
Uε(xN) around xN containing all points less than ε away from xN .

For all the points in the neighborhood Uε(xN), we find the
embedding vectors xn ∈Uε(xN) and predict their values, xn+∆n.

The prediction x̂N+∆n of xN is then given by the average over
all forecasts xn+∆n, see [42],

x̂N+∆n =

∑
xn∈Uε (xN)

xn+∆n

|Uε(xN)|
. (13)

The divergence in the neighboring points indicate how good
the prediction x̂N+∆n is, compared to the prediction of point xN+∆n
in direction of the delay-coordinate. A small forecast error indi-
cates that the predictions x̂N+∆n and xn+∆n are close, and thus we
can accept the prediction to be good.

The difference between x̂N+∆n and the prediction of xN+∆n
is calculated for each n time step ahead and defined as the root
mean squared (rms) forecast error, Error := ||x̂N+∆n− xN+∆n||2.

The concept is implemented computationally and used applied
in the following experiments.

2.3 Numerical Experiments
We consider model S0 from system (3) with the Holling-II func-
tion as resource-growth function. For the experiments, we aim
to vary the Holling-II function to see the effect of a changing
food-basis on the mature population for τ1 = 0 and τ1 6= 0. We
consider two situations conditioned on the parameters θ = {a,b}.

The Scenarios for the numerical experiments are summarized
in Table 3.

Experimental Scenarios Scenario 2 is a sub-case of Scenario
1, as we increase only the delay value τ1. Scenario 3 looks at the
effect of changed resource-growth-parameters θ on the dynamics
for τ1 = 0.

3
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Table 3. Scenarios of the numerical experiments

Scenario Condition

θ -condition τ1
1 a = b 0
2 a = b 1.2
3 a< b 0

The goal of the experiments is to detect the critical τ∗ ∈
R+, as well as to study the effect of τ1 under different resource-
growth-parameters θ . τ∗ is critical in the sense that we expect a
change of dynamics at τ∗, such that the dynamics for τ1 < τ∗ are
significantly different from the dynamics for τ∗ < τ1.

For each of the Scenarios, we follow the procedure described
in Section 2.2, by checking for the time series non-linearity and by
applying non-linear methods to determine MLE, and predictabil-
ity of the system, see [43].

3. Results, Summary and Discussion
We start with the presentation of the results, both from the non-
linearity test and the model analysis. This is followed by a discus-
sion and summary. The model time series and the reconstructed
phase space dynamics of the mature series are presented.

3.1 Results
This section begins with the test for non-linearity on the mature
time series and moves on to the model analysis for the different
scenarios. For the sake of brevity we concentrate on the analysis
results for the mature stage only.

Table 4. Non-linearity test

Non-linearity test Results

Scenario 1 2 3
p-value 0 0.025 0.035

Reject H0 yes yes yes

The test-results from Table 4 show that all time series of
model S0 are non-linear.

The results from the model analysis are summarized in Table
5.

Table 5. Model analysis

Model analysis Results

Scenario 1 2 3
MLE -0.13 0.043 -0.02

Forecast error 0 0.4 0.1
Attractor stable unstable stable
Dynamics fix-point limit-cycle limit-cycle
Predictable yes short-term yes

τ∗ 1.2 1.2 0.5

Scenario 1 In Figure 1.a the trajectory plot presents the time
series of the immature, mature and resource for the fixed pa-
rameters in Table 2 and τ1 = 0.1. The trajectories converge
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Figure 2. Result of MLE-algorithm and Forecast–Scenario 1

with oscillatory decay to their equilibrium points (z∗,x∗,y∗) =
(0.860,0.437,1.018). The mature population follows the dynam-
ics of the immature but with a different amplitude and biomass-
density. Figure 1.b emphasizes the stabilizing tendency of the
mature, which results into a fix-point. According to Figure 1.c
the embedding dimension is DE∗ = 4 and from Figure 1.d, we
choose τ = 3.

From Figure 2.a, we compute a negative MLE, λ1 =−0.13,
at its maximal slope. The system is hence stable.

A negative MLE further indicates that the system is pre-
dictable, consistent with the forecast error, which converges to
zero with increasing iteration steps, see Figure 2. Therefore the
forecast time horizon is infinite.

Computational tests have shown that the critical τ∗ = 1.2 for
the present case.

Scenario 2 Figure 3 shows the dynamics for Scenario 2 and the
parameters in Table 2 for τ1 = 1.2. The only difference, compared
to Scenario 1, is that the feedback-delay τ1 is increased in its
value. Figure 3.a shows the model trajectories. The resource, the
immature and the mature are oscillating. The constant oscillations
are reflected as well in Figure 3.b, where we observe an unstable
limit-cycle. From Figure 3.c the embedding dimension for this
case is set to DE∗ = 6, while we choose τ = 15 according to the

4



Predictability of Marine Population Trajectories–the effect of delays and resource availability

0 50 100 150 200 250 300
0

1

2

3

4

5

6

t

S
_
0

 

 

Resource

Immature

Mature

0
0.5

1
1.5

2

0

0.5

1

1.5

2
0

0.5

1

1.5

2

y(t)

y(t+τ)

y
(
t
+
2

τ
)

a.Time Series b. rec. Phase Space

0 5 10 15 20 25
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Embedding dimension

F
N
N

0 5 10 15

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

Lag

M
I

c. FNN vs. embedding dimension d. AMI vs. delay
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AMI plot from Figure 3.d.
From Figure 4.a, we can spot convergence to 1.03, which

results in a MLE value of λ1 = 0.043. The MLE is approximately
zero, though positive. Therefore, we expect the time horizon to
be limited. This is consistent with the forecast error in Figure 4.d,
where we observe an increase in the error with increasing forecast
steps. Hence, the system is not predictable for infinite steps into
the future.

Under the same model and resource conditions, as in Scenario
1, we determine τ∗ = 1.2.

Scenario 3 Figure 5.a shows trajectories with decaying oscilla-
tions. The time series converge to their theoretical equilibrium
(z∗,x∗,y∗) = (0.863,0.257,0.599). We choose τ1 = 0.1 and cal-
culate a negative MLE, λ1 =−0.02 from Figure 6.a. According
to Figure 5.c and .d, DE∗ = 4 and τ = 5.

In Figure 5.b, we observe contracting orbits, which end up in
a stable limit cycle, since λ1 ≈ 0.

Given that MLE < 0 the system is predictable with an infinite
future time horizon. The forecast plot in Figure 6.b matches this
result, as the error converges to 0.1 with increasing iteration steps.

Under changed parameter conditions in θ , but otherwise,
under equal conditions as in Scenario 1, we calculate τ∗ = 0.5.
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Summary and discussion We start this section with a dis-
cussion about the role of the critical delay value, τ∗, and the
resource-parameters, θ , for the system dynamics.

From Scenario 2, for τ1 = 1.2 a limit cycle occurs. Fromm
further tests, we observed that for τ1 > 1.2 the dynamics became
chaotic, while we find stable dynamics for τ1 < τ∗. For delay
values similar to the critical delay, τ∗, limit cycles occur.

Tests from the ODE-systems, i.e. Scenario 1 and 3, showed
that for a = b, τ∗ = 1.2, while for b> a, τ∗ = 0.5. As Scenario 1
and 3, only differ in the resource-parameters, we observe from
these result that a change in the relation between a and b lead to
different critical values of τ∗. For τ1 < τ∗, the system results in
a stable attractor, while the case for τ1 ≥ τ∗ leads to an unstable
attractor. Comparing this results with Scenario 2, where τ1 =
τ∗ for a = b, we can conclude, that τ∗ is fixed, for a constant
system S0, given fixed model parameters, resource-function and
-parameters.

Hence, the critical delay value τ∗ depends only on the system
and its parameters. A change in the resource leads therefore to
a change in τ∗. A small τ∗-value, i.e. τ∗ < 1, means that the
system transits relatively fast into an unstable position, or even
into chaos, while a system with a large τ∗-value, i.e. τ∗ ≥ 1,
transits relatively slow. Table 6 shows the relationship between
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the Holling-II function parameters, θ , and the critical delay, τ∗.

Table 6. Resource-function–τ∗-relation

Resource-function ∗∗ τ∗ ∈ R+-value
slow (b> a) τ∗ < 1,

(relatively fast transition into chaos)
fast (a = b) τ∗ ≥ 1 ,

(relatively slow transition into chaos)
(**) The fact that the resource-growth function in the numerical

experiments was converging, made the analysis and the interpretation
easy. For a system with non-converging resource-growth function, for

example, a quadratic resource-growth function, we might draw different
conclusions and observe different dynamics.

Assuming, a fixed τ1 ≥ 0 lag in a DDE-system, we can clas-
sify two situations due to the relation of τ1 to τ∗ due to our
observations:

• For τ1 < τ∗, we observe a stable attractor. The system is
predictable
• For τ1 ≥ τ∗, we observe unstable attractors. The systems

are not-predictable in the long-term. However, for τ1 = τ∗
the system is short-term predictable.

The classification shows that the predictability of the DDE-
system depends strongly on the delay-value, as well as the resource-
function, which influences τ∗ (see Table 6), under otherwise con-
stant conditions for system S0 with fixed parameters from Table
2.

The next paragraph summarizes the numerical observations
of each scenario.

Scenario 1 represents a case, where τ1 = τ2 = 0. The absence
of delay-interruptions yielded a negative MLE, which leads to
contracting trajectories towards the fix-point attractor. As τ∗ > 0,
this observation is consistent with the conclusions of the Dis-
cussion. The constant biomass flow from the resource into the
population-stages allows the mature to develop stable dynamics.

For Scenario 2, the dynamics underwent a limit cycle at τ1 =
τ∗ = 1.2 under the resource-parameter condition of a = b. We
observed constant oscillation in the immature and mature time
series. MLE ≈ 0 indicates that the ellipsoidal axes pi follow no
particular trend. The system orbits evolve therefore to a limit
cycle attractor.

The ODE-setting in Scenario 3 leads to contracting system
orbits, similar to Scenario 1. This is because there is an uninter-
rupted stream of resource. We can in addition observe an effect
of the resource-growth function on the dynamics compared to
Scenario 1. Here the slower convergence of the resource-growth
function, as b> a, leads to a faster evolution of the matured stage,
as we observe a rather small critical delay value τ∗ = 0.5. In con-
trast to Scenario 1, where the dynamic was a fixed point attractor
with τ∗ = 1.2, the dynamic in Scenario 3 represents a stable limit
cycle.

4. Conclusion
The analysis has shown that only systems with a small delay-
value, i.e. τ1 < τ∗, are stable and predictable, see also [44, 45].

The authors of [46] state that DDE-models are chaotic, and rep-
resentative of e.g. the Ruelle-Takens-Newhouse (RTN) scenario,
see [47, 48, 49]. The RTN scenario states that a system tran-
sits into chaos after three bifurcations, i.e. fixed point–limit
cycles–two-tori–three-tori–chaos. We observed for τ1 ≈ 0 that
the resource-growth function determines, if the system converges
to a fix-point, if a = b or to a limit cycle, if b > a, for fixed τ1.
Our results show that for τ1 > τ∗ the dynamics became chaotic.
These steps are similar to the RTN scenario, see [46]. However,
we missed the change into a torus attractor and chaos for fixed τ1,
as our emphasis is not on the dynamic associated with gradual
changes of parameter value b, or on bifurcations.

Moreover, the discussion shows that changes in the resource-
growth parameters affect the system dynamics, dependent on the
system delays. As the critical delay value τ∗, at which the system
switches over into chaos can be very small, a discussion of the
prediction of a delay-system only makes sense when τ∗ is known
and the system delay is less then the critical value τ∗.

In [31], we found a similar result except that we considered a
two-dimensional transition to instability at the equilibrium points.
This manuscript extends the results in [31], by showing that
resource-parameters and delays affect the system predictability.
The predictability horizon of the mature population is linked to the
transition into chaos, with chaos indicating unpredictability. It has
been shown that the resource-growth parameter have influence on
the value of τ∗. However, as τ1 is fixed, a change in the τ∗-value
can easily lead to a change of the attractor set as τ∗ could become
smaller or larger than τ1. Thus, the resource function influences
also the dynamics and stability of the system.

The analysis presented in this manuscript show that each ODE-
based model on population dynamics will fail to describe and
predict the correct dynamics of the system, if delays (feedback-
loops) are neglected.
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1 Introduction

Impulses are described as momentous occurring perturbations in a system. Such
perturbations occur in ecological, biological, physical, medical and numerous other
research fields [11]. Population-stage models under the effect of impulses are exam-
ined in e.g. [40], while [38] looks at a single-population-stage fisheries model with
birth and harvest instances. The authors in [5, 15] examined whether interrupted
and non-interrupted systems can have identical dynamics. It has been shown in [3]
and in [12], that large delay values lead to chaotic structures in the systems.

The mathematical description of an impulse equation consists of three parts,
[11],

1. A differential equation part,

dx

dt
= f(t, x), (1)

with continuous function f and domain variables t and x.

2. The second part describes the impulse direction and degree by an impulsive
function,

x(ti + 0) = x(ti) + I(x(ti)), i ∈ N, (2)

where ti, i ∈ N describe the impulsive events (see point 3. below), and I is the
impulse, which is continuous and defined in the phase space of the impulsive
system.

3. A third, impulsive event that can be defined beforehand or expressed as con-
secutive solutions of,

g(t, x(t)) = 0. (3)

Equation (1) can be replaced by a Delay-Differential Equation (DDE) or a Partial
Differential Equation (PDE) and these systems can be examined with respect to
theoretical attributes, stability or chaos, see [4, 15, 21, 22, 33, 34]. A large num-
ber of numerical algorithms and optimization schemes exist for solving impulsive
equations, see [8, 10, 30].

Recently, the popularity of Delay Differential Equations (DDEs) with Impulses
(IDDE) has increased, especially for biological and population dynamical prob-
lems, see, e.g. [41]. This is because delays occur naturally in biological systems,
such as in predator-prey systems [7, 36], where they influence system developments
with respect to repetitive and feedback cycles, stability and oscillation, [7, 18]. In
population models the effect of birth pulses has been studied in [35] and the au-
thors concluded that regular impulsive birth events can lead to chaos. Also [21]
considered the effect of periodically occurring impulses on biological systems, and
concluded that under certain parameter conditions, impulsive events can lead to
period-doubling cascade and to chaos. Others (like [42]) examined the effect of har-
vest impulses. In [14], the authors considered a deterministic model incorporating
birth-and harvest pulses. The effect of the impulses was examined using bifurcation
analysis. The authors concluded that birth events add complexity to the existing
system and that the population dynamics are affected by the timing of the harvest
impulses.

In the present manuscript we examine also the effect of birth and harvest im-
pulses. The analysis in this manuscript, however, does not focus on bifurcations
and the effect of the impulsive strength on the dynamics, such as in [14]. We con-
sider constant impulses and delays, and how these affect the predictability of the
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system. In particular, we investigate the role of delays for the predictability of
IDDE-systems. The analysis is linked to [12] in the sense that we adopt the same
equations for describing the dynamical system and the same model constants. Sim-
ilar to [12], we analyze the IDDE model using its time series. However, due to the
impulsive perturbations, we use a different computational scheme, where the delay
parameters for the analysis have to be adapted, and hence diverge from [12].

The report is organized in the following way. Section 2 describes the DDE-
system with birth-and harvest-impulses (IDDE) of a single-species, stage-structured
population and its resource function. The theoretical background for the analysis is
presented in Section 3. An illustrative example follows in Section 4. The numerical
experiments are then described in Section 5. Section 6 presents numerical results
and a classification scheme. Section 7 presents the main conclusions.

Tables referred to in the manuscript are presented in Appendix A.

2 Model Description

Throughout this work, we adopt the nomenclature in Table 12. The base-case model
S0 is given by equation (4),

S0 ≡





ż(t) = f(z(t), θ2)− axz(t)x(t),
ẋ(t) = µaxz(t− τ1) · x(t − τ1)− dxx(t)− δx(t),
ẏ(t) = −dyy(t) + δx(t− τ2),

(4)

with τ2 ≈ 0 and f(z(t), θ2) : R+ 7→ R+ is defined by (5),

f(z(t), θ2) =
az(t)

b+ z(t)
, (5)

where a = αb with a ∈ R+, b ∈ R+ and α ∈ R+. The resource-growth function
in (5) is known as the Holling-II function. The base-case-model S0 together with
f(z(t), θ2) in (5), correspond to the model in [12].

The impulse functions, which define the impulsive direction and degree according
to (2), are defined in equation (6), (7) and (8). The immature state x(t) is exposed
to birth-pulses,

x(k+) = x(k−) +R(Ny(k
−))y(k−), k ∈ Z, (6)

with IR := R(Ny)y(k) being the recruitment impulse function, which depends
on the total biomass of the matured population Ny.

The impulsive events on system S0 are defined beforehand by pulse step itera-
tions k ∈ Z+ and s ∈ Z+. In (6), k+ is the state, which occurs right after a birth
impulse, while k− indicates a state just before an impulse takes place. The change
in the immatures x(t), due to an impulse, is measured as the difference between the
pre- and post-pulse steps, IR = x(k+)− x(k−).

The population stages, x(t) and y(t), are harvested according to equation (2)
with harvest impulse ratio-functions.

x(s+) = x(s−) + hxx(s
−), s ∈ Z, (7)

y(s+) = y(s−) + hyy(s
−), s ∈ Z, . (8)

In (7) and (8), the state s+ occurs right after an harvest impulse, while s−

indicates a state just before an impulse takes place.
In this manuscript the harvest impulses for the im-/ and mature are defined

by Ix := hxx(s), hx ∈ (0, 1) and Iy := hyy(s), hy ∈ (0, 1), respectively. For the
recruitment impulse R(Ny), we consider,
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R(Ny) = be−Ny , (9)

The Ricker-function, see equation (9), has been implemented with a stochastic
component D, which can lead to functional shifts of the original graph, see Figure 1.
The red graph describes an ordinary Ricker-function. The blue lines are stochastic
realizations.
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Figure 1: Parameters used in the above figure: Ricker (b = 5, β = 0.1).

3 Theoretical Background

This section presents some basic definitions, which are necessary for understanding
the model analysis.

Let M denote a continuous phase space, typically Rn, and let t ∈ R be a
continuous time variable. Let φt be a function, φt : M 7→ M , from phase space
to phase space, for each time t. Then, x(t) = φt(x0) denotes the position of the
system at time t that started at x0, [23].

Definition 3.1. (Orbit or Trajectories) An orbit is a sequence of states that follow
from, or lead to an initial state x0.

• The forward orbit is the set of subsequent states T+
x ≡ {φt(x) : t ≥ 0}.

• The pre-orbit T−
x ≡ {φt(x) : t ≤ 0} is the set of sequent states that lead to the

initial state x0.

• The full orbit of a point x, Tx ≡ T+
x ∪ T−

x .

Example 3.1. An equilibrium Tx = x is the simplest orbit, see [23].

Definition 3.2. (Invariant Set) A set Λ is invariant under φt, if φt(Λ) = Λ, ∀ t.
That is, for each x ∈ Λ, φt(x) ∈ Λ, ∀t.

After [23], an periodic orbit is a special case of an invariant set.

Definition 3.3. (Periodic Orbits)
A periodic orbit is a closed loop, such that for each point x on the periodic orbit
there is a time T , at which the point returns to itself, i.e. φT (x) = x, see [23].
Orbits can be quasi-periodic, periodic or chaotic.

5



Remark 3.1. (Stable/Unstable Periodic Orbits) See [6].

1. Periodic orbits are defined by periodic visits along some close trajectory, where
closeness is defined with respect to the neighborhood of the orbit.

2. There exist stable (SPO) and unstable (UPO) periodic orbits. For stable pe-
riodic orbits, the periodic cycling is stable, i.e. with time evolving, the system
trajectories visit all points in a close neighborhood of the periodic orbit and
stay there for an infinite time period. For unstable periodic orbits the periodic
cycling is unstable, i.e. with time evolving, the trajectory visits the points in
a close neighborhood of each of the periodic orbits and stays there for a finite
period of time, until the trajectory moves (randomly) to the next UPO.

3. Trajectories of dynamical systems classified as SPO or UPO are termed er-
godic.

Definition 3.4. (Chaos–Chaotic Attractor) A chaotic system is characterized by
(see [6]),

• its evolution being sensitively dependent on initial conditions.

• the chaotic attractor consisting of an infinite number of UPOs

• the dynamics in the attractor being ergodic (see Remark 3.1.2 and 3.1.3).

As UPOs present the skeleton of the chaotic attractor, they can also be used to
approximate the topological entropy (defined shortly), which provides better insight
into the underlying chaotic structure and the ergodic dynamics, [2, 3, 9, 16]. The
topological entropy measures the complexity and growth rate of all periodic orbits,
[20].

Definition 3.5. (Topological entropy, H0) The topological entropy of a dynamical
system is defined by (see [2]),

H0 = lim
p→∞

lnNp

p
, (10)

where Np is the number of periodic orbits, of period p.

However, we can define the p-th order approximates, Hp
0 , to formula (10) con-

sidering UPOs, see [2, 9],

Hp
0 =

lnNp

p
, (11)

with Np describing the number of p-order UPOs.
In [17, 39] basic characteristics of H0 in relation to chaos and Lyapunov expo-

nents are presented. The main statements are summarized in the following:

• The topological entropy H0 measures the complexity of motion, as it charac-
terizes the occurrence (exponential growth) of UPOs. Hence, Np ∝ eH0t with
Np describing the number of UPOs of period p.

• H0 > 0 indicates that the dynamical system is chaotic.

• If λ1 is the maximum Lyapunov exponent of a system, then H0 > λ1, i.e. the
topological entropy is an upper bound for the Lyapunov exponents.

More information about Chaos, UPOs and topological entropy can be found in
the literature cited above and in, e.g. [1, 19, 24, 32, 39].

In the next section, we derived the connection between unstable periodic orbits
(UPO), chaos, topological entropy and Lyapunov exponents.

It is a computational challenge to derive the topological entropy. Therefore, we
will calculate the Approximation Entropy (ApEn) for the perturbed system in the
numerical analysis.
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Approximate Entropy (ApEn)

Consider the m-th delay coordinator x(t) = {u(t), ..., u(t+m− 1)}, where u(t)Nt=1

is a time series, see [37]. The reconstructed phase space of the delay coordinator
is Xm(t) = {x(1), ..., x(n)} ∈ Rm, with n = N −m + 1. Then let xi(t) be the i-th
component of x ∈ Rm and let ||.||∞ be the usual L∞-norm on Rm, i.e. ||x||∞ =
max

i
|xi(t)|.

Denote, (see [37])

Φm(r) = − 1

|Xm|
∑

x∈Xm

log

( |y ∈ Xm : ||x− y||∞ ≤ r|
|Xm|

)
, (12)

where r determines the distance between two data points, i.e. r is called the sim-
ilarity measure and specifies the filtering level. Note, that |Xm| := N − m + 1,

and |y∈Xm:||x−y||∞≤r|
|Xm| is the average of points x(i), i ∈ {1, ..., n}, which fulfill the

condition.

Definition 3.6. (ApEn)
The Approximate Entropy (ApEn) of N data points u(t) is defined by

ApEn(m, r,N) := Φm+1(r) − Φm(r), (13)

with ApEn(0, r, N) := Φ1(r) and X0 = {}, i.e. empty.

ApEn is a logarithmic likelihood, which estimates if regular patterns, which are
close for N observations in dimension m, are still close in dimension m + 1, [25,
27]. Hence, a greater likelihood results in a smaller ApEn-value, and indicates that
regular pattern remain close. A smaller likelihood results in a bigger ApEn-value,
and indicates that regular pattern do not stay close.

ApEn, furthermore, determines and distinguishes between the complexity of
data series, see Table 1, [25, 37].

Analyzing the system dynamic time series

To analyze the system dynamic time series, we present an evaluation scheme for the
ApEn-values.

Table 1: ApEn-values and their characteristic, [25, 27, 28]; (V)IREG: (very)
irregular, (Very)REG: (very) regular, REP: repetitive, (M)P: (Multi-) peri-
odic, R:random, L:linear, NL:non-linear, S:Stochastic, D:deterministic, (N)C:(non-
)chaotic, RW:random walk, CSP:Correlated stochastic process; NP:not-predictable,
ST:Short-term predictable, LT:Long-term predictable

Time series characteristics ApEn System Dynamics Predictability
Model Type value

(V)IREG and R >> 0 C NP
NL/S/RW high

(M)P > 0 (M)P ST
D, NL/C/CSP medium N(C)

(V)REG and REP = 0 or > 0 REG LT
L,D low

The algorithm for the computation of ApEn follows from Definition 3.6, while
the embedding dimension (DE∗), the filtering level (r) and the number of used data
points (N) have to be fixed in advance, see [26]. Note, that the ApEn procedure is
very sensitive to the embedding parameters DE∗ and τ . ApEn shows best validity,
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when the filter parameter r ∈ [0.1SD, 0.25SD], SD being the standard deviation
from the series considered. Furthermore, to derive good ApEn-values N > 1000,
[25].

Although, ApEn measures the similarity between data, but very often this sim-
ilarity is overestimated by algorithms, see [25, 28, 31] . Further, [31] states that the
ApEn algorithm yields inconsistent results and that results depend on the length
of the data series, and the algorithm is highly sensitive to outliers, [28, 31].

Given the caveats of the ApEn algorithm [26], a Base Case is needed against
which other results can be calibrated and interpreted. As Base Case, we use the
unperturbed DDE-system S0, see Section 6.1. As recommended in literature, we
will evaluate the ApEn algorithm over the filter range r ∈ [0.1SD, 0.2SD] to derive
valid results.

In order to analyze, if and how the attractor changes due to perturbations,
we will determine and plot the unstable periodic orbits (UPO) of the time series.
Furthermore, the Approximate Entropy (ApEn) is calculated for each case in the
scenarios to analyze the data structure, which results from the perturbed system.

The next example applies the methods of UPOs and ApEn to the Henon map
from Example 3.1 in [12].

4 Illustrative Example-Henon-map

In this example, using the Henon-map with parameter (a = 1.4, b = 0.3), we calcu-
late the number of UPOs, Np, and place their position in the attractor, as well as,
determine the ApEn-values.

For this particular example, we calculate the following number of UPOs: N1 =
1, N2 = 1, N6 = 2, N8 = 6. In Figure 2.a, one can see the position of the UPOs
embedded in the attractor, as well as, the ApEn process for this map, in Figure 2.b.
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a. Henon attractor with embedded UPOs b. ApEn-process for the Henon map

Figure 2: Henon attractor with UPOs embedded and ApEn-plot

Table 2: ApEn-statistics
Statistic Value

mean 0.2460
SD 0.7287

ApEn ∈ [0.6, 1.0]

From Figure 2.a, we observe that the Henon map has several, and multi-periodic
UPOs. The ApEn-value in the range r ∈ [0.1SD, 0.2SD] is positive and quiet large,
see Table 2. The high ApEn-values indicate irregularity, according to Table 1. Based
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on the multiple and multi-periodic UPOs, we conclude that the map is chaotic, and
hence not predictable.

In Example 3.1 in [12], we calculated a positive MLE and an increasing forecast
error for the Henon-map, which lead to the same conclusion.

5 Numerical Experiments

The numerical experiments of the perturbed system are divided into three Scenarios,
according to birth, harvest and birth-harvest impulses, see Table 3. Each Scenario
consists further of four sub-cases, which are defined based on the delay value τ1,
see Table 4. While we consider two situations of impulsive frequency, we keep the
strength of the impulses constant, see Table 5. For the fixed-parameter-values see
the Tables 13 and 14 in Appendix A.

Table 3: Impulse Scenarios for the numerical experiments
Scenario Impulse

1 Birth (Ricker)
2 Harvest
3 Birth and Harvest

Table 4: Sub-cases of each Scenario defined after the size of delay-value τ1
Case I II III IV

τ1 0.1 0.4 0.5 0.63

Table 5: Impulse-strength and -frequency used in the numerical experiments
Sub-case a b

fI 1 4
(Impulse frequency) (high fI) (low fI)

Impulse Parameter Strength (constant)

Birth (b, β) (3.8, 4)
Harvest (hx, hy) (0.9, 0.8)

The analysis of the impulsive model S0 is based partly on the numerical tools,
which were applied in [12]. These include the maximum Lyapunov exponents
(MLE), Kaplan-York (KY)-dimension and forecast errors, which were used in order
to make inference about system predictability. The MLE indicates the sensitivity
of the dynamical system to initial conditions, while the forecast error is indicative
of how much neighboring trajectories will diverge from the actual system trajectory
in future iteration steps.

In the following experiments, we will extend the analysis by considering UPOs
and ApEn. The concept of UPOs provides a method to tell how random the motion
on the attractor is, as a function of the number of UPOs. This random walk from
UPO to UPO, will result in a stochastic process. Randomness of time series provides
another measure for chaos and, hence predictability, see [29]. We, further, want to
connect the occurrence of impulsive perturbations to the motion on the attractor
(UPOs) and to the irregularity of time series, measured with the ApEn-algorithm.
We shall evaluate the ApEn-values for r ∈ [0.1SD, 0.2SD], and compare the time-
series complexity based on the ApEn-value for r = 0.2SD.
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This concept leads to the following steps, which will be applied to the different
cases of the scenarios, in order to analyze the effect of perturbations on the system
predictability, attractor and time series regularity:

• Forecast errors and MLEs

• Unstable periodic orbits (UPOs)

• Approximate Entropy (ApEn)

The results, from the forecast errors and the MLEs will be merged with the number
of UPOs and the ApEn-values of the perturbed system in each sub-case. We inter-
pret the UPO- and ApEn-results with respect to the Classification scheme based
on the Base Case, and to be defined in Section 6.2 and Table 1.

A comparison with the Base Case will allow us to make inference about the
effect of impulses on the dynamics.

6 Results

This section presents the results of the Base Case-the DDE system S0, a Classifica-
tion scheme for Np and the ApEn-values, which serves as reference for the perturbed
system.

6.1 Base Case

In [12] it was shown that the system S0 is predictable for τ1 ≈ 0 with MLE < 0. For
τ1 ≈ 0.5 and MLE = 0, the system exhibits short-term predictability. The system
was unpredictable, when τ1 = 1.2, and the MLE > 0.

This manuscript does not use the same τ1-values as in [12]. This is because the
impulses call for an implementation scheme with a different maximal τ1-value than
in [12]. This might also apply to the critical value τ∗ for τ1, at which the system
transits into chaos.

In this paper, we are looking at the effect of impulses on

• a stable system, for τ1 < τ∗,

• an oscillating system, for τ1 = τ∗,

• a chaotic system, for τ1 > τ∗.

The unperturbed model S0 from [12] is extended to match all four sub-cases from
Table 4 and is used to set up a Classification scheme based on Np and ApEn-values.

We first analyze the unperturbed system S0 in terms of the steps from Section 5.
We present the embedding parameters (DE∗ , τ), forecast errors (at 500th iteration
step), and MLEs in Table 6, that in addition summarizes also , Np, and the period
p of UPOs for all four sub-cases from Table 4. Table 6 shows the ApEn-values for
the filtering level r ∈ [0.1SD, 0.2SD].

• For Case I and Case II, we calculate maximal two period-1 UPOs, with very
low ApEn-values, i.e. maximal ApEn = 0.05. The forecast error converges
to 0 in Case I and MLE < 0. In case II, the forecast error is converging
from above to 0.3 and we calculate a MLE = 0. These observations indicate
predictability of the system.

• For Case III, we observe one period-1 UPO with regular time series, as ApEn
< 0.1. The MLE = 0 and the forecast error converges to an error of 0.9. The
time series is therefore predictable, but one has to take a certain prediction
error into account.
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Table 6: Base Case Analysis
Base Case

Case I II III IV

τ 6 8 15 10
D∗

E 5 9 8 6
p 1 1 1 1
Np 2 1 1 3

Forecast error 0 0.3 0.9 1.2
MLE < 0 ≈ 0 ≈ 0 > 0

mean 0.1177 0.1251 0.1536 0.2077
SD 0.0957 0.1149 0.1552 0.2424

ApEn∈ [0.0458, 0.03] [0.00] [0, 0.008] [0.1, 0.15]
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Figure 3: Base Case–ApEn-process
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• For Case IV, we observe a multiple number (i.e. 3) of UPOs of period-1 and
ApEn-values of [0.1, 0.15]. The multiple UPOs indicate chaos. However the
ApEn-value is rather low, even though its value increased much compared
to the other cases. Due to MLE > 0 and a constantly increasing forecast
error, we infer that the series is unpredictable. It seems that the occurrence
of multiple UPOs and more irregular time series, are connected to chaotic
behavior, which develops under the maximal delay.

6.2 Classification scheme

In Table 7 a classification scheme is set-up, based on the observations and results
of the unperturbed system in Section 6.1. This scheme will be used to interpret the
results of the perturbed system based on Np and ApEn-values. The classification is
influenced by Table 1.

Table 7: Classification scheme developed under the Base Case; (V) IREG: (very)
irregular, (Very) REG: (very) regular, REP: repetitive, (M) P: (Multi-) peri-
odic, R:random, L:linear, NL:non-linear, S:Stochastic, D:deterministic, (N)C:(non-)
chaotic, RW:random walk, CSP:Correlated stochastic process
Time series character ApEn-threshold Number UPOs Inference Predictable

(V)IREG, R ApEn> 0.1 Np >2 C/(M)P No
(M)P ApEn< 0.2 max(Np) = 2 (M)P/(N)C Short-term

(V)REG, REP ApEn< 0.1 Np ≤ 2 REG Yes

6.3 Results from Scenarios

The main results are shown in Tables 9, 10 and 11 for, respectively, Scenario 1,
Scenario 2 and Scenario 3.

For the impulse-frequencies, we use the following notation throughout the rest
of the manuscript:

• Impulse frequency := fI .

• System perturbation with many perturbations is denoted by case–a, and few
perturbations indicate case–b from Table 5.

Some phase space plots are presented in the next section.
An arbitrary number of plots is presented. For consistency, we will present the

time series of the perturbed system, and the forecast error graphs, as well as the
attractors with the embedded UPOs for only Case I of each Scenario. We use the
following designation and labels for the UPOs:

Table 8: UPO-classification
period-p of UPO Label

period-one UPO fixed point
period-two UPO period two
period-six UPO period 6
period-eight UPO period 8

Scenario 1

Table 9 summarizes all results concerning the event of birth impulses. The Lyapunov
spectra and the KY-dimension are presented in Appendix A in Table 15.
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Figure 4: Reconstructed phase spaces–Scenario 1

Table 9: Results–Numerical experiments–Scenario 1
Scenario 1 I-a I-b II-a II-b

τ 5 5 7 8
DE∗ 5 13 4 4
p 1 1 1 1
Np 2 1 2 2
MLE λ1 < 0 λ1 < 0 λ1 ≤ 0 λ1 ≤ 0

Forecast Error 0.1 0.0 0.23 0.21

mean 0.999 0.1012 0.1034 0.1041
SD 0.0491 0.0541 0.0661 0.0685

ApEn∈ [0.038, 0.03] [0.04, 0.005] [0.09, 0.073] [0.075, 0.055]

Scenario 1 III-a III-b IV-a IV-b

τ 11 13 10 10
DE∗ 5 5 6 6
p 8 and 1 8 and 1 1 1
Np 1 and 3 1 and 1 10 8
MLE λ1 ≥ 0 λ1 ≥ 0 λ1 > 0 λ1 > 0

Forecast Error 0.85 0.75 0.7 0.69

mean 0.1246 0.1270 0.2160 0.2141
SD 0.1224 0.1247 0.3242 0.3190

ApEn∈ [0.16, 0.225] [0.13, 0.16] [0.382, 0.355] [0.366, 0.356]
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Figure 5: Case I–a: Comparing the effect of multiple birth-events given τ1 = 0.1.

The effect of different fI can be seen in the time series plots in Figure 5 in the
expression of irregular peaks.

Furthermore, we can observe that high fI amplifies the long-term forecast error.
The forecast error for both, low fI (case–b) and high fI (case–a), converge to a value
near zero. However, in case–a, the forecast error is higher than in the unperturbed
system. The forecast error in case–b converges to zero and the MLEs < 0.

The number of UPOs did not change compared to the unperturbed system,
see Table 6. We have two UPOs of period-one. Table 9 shows very low standard
deviations for case–a and –b, which result in almost zero ApEn-values. At r =
0.2SD the ApEn-value is 0.03 for high fI and 0.005 for low fI . The time series
structure became more regular than in the unperturbed system, see Table 6. The
ApEn-value for the low fI is higher, than for the high fI . The higher fI leads thus
to a stronger regulation of the time series in combination with the small delay value.
Furthermore, due to the low number of period-1 UPOs, the motion of the attractor
stays stable. This is consistent with the low ApEn-values and hence the regular
time series. It seems that impulses do not perturb an already stable system under
small delay values.

Case I is therefore predictable, which is consistent with the observation of the
MLE and forecast error for this case.

Case-II

From the phase space reconstruction, we observe a stable limit cycle attractor.
However, it seems the dynamics jump from one trajectory branch to another.
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The forecast errors are 0.23 in case–a and 0.21 in case–b. The forecast error for
high fI is larger than for low fI . Both error graphs decrease and converge towards
zero. The MLEs ≈ 0.

The standard deviations increased compared to Case I and to the Base Case.
This reflects in higher ApEn-value of 0.073 at r = 0.2SD for high fI , and 0.055 for
low fI . The number of UPOs increased from one period-1 UPOs to two period-1
UPOs. This increase in the number of UPO seems to show an effect on the time
series regularity structure, as the increased ApEn-value suggest. Nevertheless, the
system is still predictable, due to the classification Table 7. This is consistent with
the MLEs and forecast errors.

We can see that even though τ1 < τ∗, the impulses have impact on the UPOs and
the data regularity. The time series is, however, slightly affected by the impulses.

Case-III

In this case the delay value seems to reach a critical point τ∗, to where the system
can stabilize, with help of a bounded delay under perturbations, as case I and II
showed. We observe MLE ≥ 0, which coincides with the stronger increase of the
forecast errors. In case–a we observe convergence to 0.85 and in case–b to 0.75,
which is smaller than for the Base Case.

It is interesting that for τ1 = 0.5, multi-periodic (8, 16, 32) UPOs occur. In
addition, we derive three period-1 UPOs in case–a and one period-1 UPO in case–
b, see Table 9. This shows that high fI leads to faster motion on the attractor,
as double as many UPOs occur than for low fI . The larger delay values make the
system, probably, more influential to impulses. This is consistent with the standard
deviation of the series. In case–a, we calculate at r = 0.2SD an ApEn = 0.225,
which indicates quite irregular behavior in the time series. In case–b, we calculate
at r = 0.2SD an ApEn-value = 0.16. The ApEn-value in case–b, together with
the bounded number of UPOs, indicates that the series is short-term predictable,
according to Table 7. However, case–a is not predictable. It seems that under
larger delay values and stronger fI of the birth impulses, a larger number of UPOs
and more irregular time series pattern occur. In the long-term, both series are not
predictable, which coincides with the forecast errors and the MLE-sign.

Case-IV

As τ1 reaches its maximum, we observe an increase of N1, respectively, to 8 and
10 for low fI and high fI . High fI leads to a faster expansion of UPOs on the
attractor.

MLEs> 0 and the increasing forecast errors are consistent with the large number
of UPOs. The forecast error for high fI is larger than for low fI . The value of the
standard deviation increased compared to Case III, and to the Base Case, see Table
7. This increase is consistent with the increase in ApEn-values. At r = 0.2SD,
ApEn = 0.355 for high fI and for the low fI , ApEn = 0.356 at r = 0.2SD. We
conclude very irregular time series behavior, and hence unpredictable.

For τ1 = 0.63, the system was chaotic, before the impulses occurred. However,
under the effect of impulses the number of UPOs increased from 3 to 10 and 8,
respectively. At the same time, the irregularity in the time series enlarged. Hence,
we observe an influence of the impulses under large delay values in the sense that
the system becomes more chaotic .

15



Summary–Scenario 1

Systems subjected to birth impulses seem predictable, as long as the delay in food
conversion (τ1) is smaller than a critical delay value, τ1 < τ∗. For this particular
example τ∗ = 0.5. For τ1 > τ∗ impulses lead the system into more complex attractor
and time series structures, together with a faster transition into chaos, depending
on the delay value. The fI and the strength of birth events also have an impact on
the dynamical evolution and time series pattern.

The results in Table 15 show that all attractors become strange under birth-
perturbations. In the phase plots, we observe sudden jumps from one trajectory
branch onto another.

Higher fI together with large delay values, move an attractor faster into chaos,
i.e. increase Np or p, and hence destroy dynamical predictability faster, while small
delays can stabilize a system under perturbations, as shown in Case I and II. The
value of fI shows an effect on the attractor, as well as in the time series regularity.

Impulses together with very small delays, regulate time series, while larger or
increasing delay values increase the irregularity of data due to the impulses. In-
dependent of whether the data has been oscillatory or chaotic, impulses seem to
increase the irregularity for τ1 ≥ τ∗.

We showed that birth impulses affect the system attractor and the series pattern
differently depending on the delay values. Hence, the delay size seems to play an
important role on the dynamical evolution of the system. From the results, one
could observe a kind of consistency between the number of UPOs and the size of
the ApEn-values.

The observations raise two issues:

• Whether time series pattern (i.e. ApEn) are affected by an increased number
of UPOs, or

• Whether changes in ApEn-value and number of UPOs are independent of each
other, and depend each only on the effect of impulses and delays.

Scenario 2

Table 10 summarizes all important observations concerning the harvest impulses.
The Lyapunov spectra and the KY-dimension are presented in Appendix A in Table
16.

Case-I

The different fI lead to different behaviors in the time series in Figure 7. The
number of impulsive peaks is the same, while the duration of the perturbations are
varying, longer for high fI and shorter for low fI .

In Figure 6, we see that the trajectories spiral to a fix point and then jump onto
an outer orbit, to then, spiral in again. The MLE < 0 or = 0 depending on the
methodology used, see Table 10. The forecast errors increase and converge to 0.57
for high fI and to 0.62 for low fI . The number UPOs does not increase or decrease
under perturbations compared to the Base Case, see Table 6. The attractor is
not-strange, see Table 16 in Appendix A.

The standard deviations are very low, which is consistent with ApEn = 0.081
in case–a and ApEn = 0.0405 in case–b at r = 0.2SD. The small delay τ1 seems to
stabilize the system against perturbations, and hence we conclude that the system
is predictable.
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Table 10: Results–Numerical experiments
Scenario 2 I-a I-b II-a II-b

τ 6 5 6 5
DE∗ 10 10 5 5
p 1 1 1 1
Np 1 1 1 1
MLE λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0

Forecast Error 0.54 0.62 0.74 0.74

mean 0.0984 0.0964 0.1030 0.0993
SD 0.0521 0.0393 0.0702 0.0546

ApEn∈ [0.087, 0.0815] [0.0405, 0.0406] [0.1, 0.18] [0.103, 0.135]

Scenario 2 III-a III-b IV-a IV-b

τ 15 11 10 10
DE∗ 5 5 6 8
p 1 1 1 1
Np 3 3 7 9
MLE λ1 ≥ 0 λ1 ≥ 0 λ1 > 0 λ1 > 0

Forecast Error 1 0.8 0.8 0.58

mean 0.1460 0.1248 0.2149 0.2214
SD 0.1529 0.1221 0.3197 0.3430

ApEn∈ [0.12, 0.22] [0.19, 0.235] [0.3, 0.313] [0.29, 0.33]
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Figure 6: Reconstructed phase spaces–Scenario 2
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Figure 7: Case I–b: Comparing the effect of multiple harvest-events given τ1 = 0.1.

Case-II

Similar to Case I, we observe that the trajectory jumps from an inner to an outer
branch. The time series for case–a and –b follow a similar periodic structure.

Both forecast error plots show nearly the same graphs, where both converge
to 0.74. The number and period of the UPOs in the unperturbed and perturbed
system are equal. This small number of period-1 UPOs, let us suggest that the
attractor is non-chaotic, even though it is strange, see Table 16. Hence, for τ1 = 0.4
the perturbations do not change the attractor skeleton.

The standard deviation increased with harvest impulses, but the series pattern
appear regular due to the ApEn-values. For high fI , ApEn = 0.18 at r = 0.2SD,
while for low fI , ApEn = 0.1.

Again the predictability due to Np and the ApEn-values for τ1 = 0.4, is consis-
tent with the MLEs and the forecast errors, which converge in the long run.

Case-III

The impulsive peaks seems to be more regular for high fI , than they are for low fI .
Further, the forecast errors are increasing and converging to 1 and 0.8. The MLEs
> 0. In the phase space, we observe a trajectory jump from an inner orbit to an
outer orbit.

Table 16 shows that the attractor in case–a is not-strange, while the attractor
in case–b is strange.

Under harvest impulses N1 = 3 for both, high fI and low fI . The ApEn > 0.2
at r = 0.2SD. From Table 6, we might conclude that the system dynamics is
multi-periodic or even chaotic.
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For τ1 = 0.5 and under harvest impulses, the system is not predictable. This
fits well together with the MLE and the forecast errors.

Case-IV

We observe different time series for the high fI and the low fI . In the phase space
plots (Figure 6) we can see that the trajectories jump between different bands,
while the trajectory seem to move outwards. The forecast errors are increasing
with increasing iterations. The MLEs > 0.

In case–a, N1 = 7 and in case–b, N1 = 9. The attractors are strange, see Table
16. The multiple UPOs indicate that the motion on the attractor increases with
harvest perturbations for τ1 = 0.63. The already chaotic system becomes more
chaotic.

The standard deviation increases for case–a and case–b, and thus also the ApEn-
values. In both cases, ApEn > 0.3. This shows a clear irregular, chaotic time series,
which is not predictable. Again high delay values seem to make the system and its
time series more vulnerable for destruction by impulses.

Summary–Scenario 2

This particular study shows that the system is predictable, as long as, τ1 < τ∗ = 0.5.
Impulses lead the system into more complex structures, which consequently lead to
faster chaotic behavior, depending on the delay value.

The results in Table 16 show that not all the attractors become strange under
harvest perturbations. In the phase plots we observe sudden jumps between different
orbits, while the time series in Case I, II and III appear to be periodic or multi-
periodic.

The impulses seem to destabilize the attractor, which shows an increase in Np

for τ1 > 0.5. Also the series pattern become irregular.
However, the external influences lead in almost all cases to an increase in the

forecast error. Under bounded delay values, i.e. τ1 < τ∗, the forecast errors con-
verged to fixed numbers.

The impulsive perturbations affected the strangeness of the attractor dependent
on the delay value. Similar to the birth impulses, harvest impulses under large delay
values deregulate the system, while impulses under small delay values help stabilize
it. This destabilizing, respectively, stabilizing effect are reflected in the number of
UPOs and the size of the ApEn-values.

A clear difference in the effect of high fI and low fI on the system could be
observed in the forecast errors and in the ApEn-values.

The effect of impulses however, depends very much on the size of the delays,
given constant impulsive strength. Harvest impulses seem however, to have a
stronger effect on series regularity than birth impulses, as their ApEn-values were
higher on average.

Summary–Scenario 1 (Birth) vs. 2 (Harvest)

We can observe a difference in the dynamics, which are interrupted by birth or by
harvest impulses. Birth is an internal impulse, while harvest is external.

The MLEs of birth interrupted series is fuzzy, but shows a trend. Further, there
are no jumps between different orbital levels in the birth impulses. For τ1 < τ∗ the
forecast errors in Scenario 1 decrease, while the forecast error in Scenario 2 increases
and finally converge. For internal impulses the attractor is more likely to be strange
than for external interruptions. We also observed that under internal impulses more
UPOs occur-in number, but also in multi-periodicity. Even though there might be
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several period-1 UPOs, as well as multi-period UPOs, the birth interrupted time
series seem less irregular due to lower ApEn-value.

Harvest impulses on the other hand show on average, higher ApEn-values, which
result in more irregular and periodic time series. For harvest impulses, we observe
only multi period-1 UPOs. The harvest impulses lead to higher ApEn-values and to
larger forecast errors. It seems that harvest perturbations lead faster, i.e. for smaller
delay values, to chaotic dynamics, while due to the multi-periodic UPOs, which
occur under birth impulses, the dynamics seem to become rather multi-periodic,
before they move into chaos.

The results show that the number of UPOs occuring, are very dependent on the
delay-size, the impulse type and impulsive frequency. The impulse frequency seems
to affect the trajectory convergence, as well as the forecast error. Dependent on the
impulse type, the fI affects also the trajectory evolution, e.g. impulsive peaks in
time series.

However, beside these differences, the following aspects are similar:

• For τ1 < τ∗, the number of UPOs and their period is low, i.e. does not increase
exponentially. Hence, we can assume that H0 ≈ 0, which has the effect that
the MLEs ≤ 0. We have stable and non-chaotic systems in this case, which is
therefore predictable. Under perturbations the time series data becomes even
more regular (ApEn).

• For τ1 = τ∗, we observe a low number of multiple period-1, as well as, multi-
period UPOs. Incorporating other criteria, like forecast errors or MLEs, we
might conclude that the series are either multi-periodic or chaotic, and hence
in both cases, not predictable.

• For τ1 > τ∗ the number of UPOs is large, i.e. does increase exponentially.
Hence, we can assume that H0 > 0, and that the system is chaotic and not
predictable. The time series become quite irregular.

For the predictability of the system under impulses, the delay-sizes play the
major role. The time series structure, as well as the attractor skeleton of the
perturbed systems change depend on delays. The effect of fI can be observed in
the forecast errors and ApEn-values. The impulse type has influence on the forecast
errors, i.e. if its graph is decaying, or increasing.

In reality, species convert food into biomass with a certain time delay τ1. The
analysis indicates that the dynamics of species with high conversion rates, i.e. τ1 <
τ∗, can be predicted. In contrast, for species with τ1 > τ∗, the dynamics may not
be predictable, and the system is more sensitive to impulses.

After the comparison between birth and harvest impulses, we will look at the
effect of a combination of these impulse-types–in Scenario 3.

Scenario 3

Case-I

The time series for high fI show more periodic peaks than the series for low fI ,
see Figure 9. Considering the phase plot in Figure 8.i, we observe that this plot
resembles the phase structure from Scenario 2. The closeness of the trajectories
around the fixed point however resemble the structure of the phase in Scenario 1.

The MLEs < 0 or = 0. The forecast error for case–a is 0.6, and for case–b, 0.47.
The rather high forecast errors indicate a lack of predictability, while its convergence
is indicative of the system predictability.

Further, there is one UPO with period-1, respectively for high fI and low fI .
The standard deviation of the series is very low, which results in ApEn = 0.06 for

20



Table 11: Results–Numerical experiments
Scenario 3 I-a I-b II-a II-b

τ 6 6 6 5
DE∗ 8 9 5 5
p 1 1 1 1
Np 1 1 1 1
MLE λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0

Forecast Error 0.6 0.47 0.67 0.55

mean 0.0989 0.0996 0.1027 0.1031
SD 0.0156 0.0515 0.0681 0.0675

ApEn∈ [0.055, 0.06] [0.046, 0.038] [0.105, 0.14] [0.058, 0.105]

Scenario 3 III-a III-b IV-a IV-b

τ 13 11 10 10
DE∗ 6 5 7 5
p 1 1 1 1
Np 3 4 9 9
MLE λ1 ≥ 0 λ1 > 0 λ1 > 0 λ1 > 0

Forecast Error 0.95 0.88 0.7 0.73

mean 0.1327 0.1310 0.2204 0.2197
SD 0.1356 0.1311 0.3405 0.3331

ApEn∈ [0.14, 0.19] [0.133, 0.2] [0.335, 0.33] [0.443, 0.418]
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Figure 8: Reconstructed phase spaces–Scenario 3
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Figure 9: Case I–b: Comparing the effect of multiple birth- and harvest events
given τ1 = 0.1.
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r = 0.2SD for high fI and, ApEn = 0.038 for low fI . The system exhibits regular
patterns under impulses and small delay values, and is therefore predictable. This
is consistent with the conclusions we drew from the MLE and forecast errors.

Case-II

We observe more disruptions in the series with high fI than in the one with low fI .
The phase plot seems to be a mix of the harvest and the birth-phase space plot in
Figure 8.ii and the MLEs ≤ 0. The forecast errors are 0.67 in case–a and 0.55 in
case–b.

The number and period of UPOs did not change compared to the unperturbed
situation. This low number of UPOs, fits together with the low standard deviation
of the series and the low ApEn-values, which are 0.14 at r = 0.2SD for high fI ,
and 0.105 at r = 0.2SD for low fI . The low ApEn-values and Np, suggests that
the series are regular and hence predictable albeit with high forecast errors.

Case-III

Here, as previously, the effect of different fI can be spotted in the time series plots.
The MLE ≥ 0, and the forecast errors converge to 0.9 for high fI and to 0.88

for low fI . Compared to the Base Case, as well as Scenario 2, the forecast error
does not seem to be much affected by doubling the frequency of impulses.

We observed N1 = 3 and N1 = 4, receptively, for the high fI and the low fI .
We calculate ApEn = 0.19 at r = 0.2SD in case–a, and ApEn = 0.2 in case–b.

From Table 6, we can conclude that the system is not predictable, which is
consistent with the high forecast errors and the MLEs.

Case-IV

The attractor seems to follow the structure of the phase plot from Scenario 1, except
that more trajectory bands evolve. A jump between different band-levels could be
possible, but can not be spotted in the plots, see Figure 8.iv. The large number of
interruptions seem to make the attractor very dense on the bands but lose otherwise.

The MLE > 0, and the forecast error seem to increase with further iterations
without converging.

It is N1 = 9 for high fI and low fI . The standard deviations are rather high.
At r = 0.2SD, we find for case–a, ApEn = 0.33 and for case–b, ApEn = 0.418. The
greater irregularity in the low fI-case, seems to match the faster increases in the
forecast error, compared to high fI .

The system becomes more chaotic, compared to the Base Case and is hence,
also unpredictable.

Summary–Scenario 3

Examining the results from Scenario 3, we did not see a faster transition into chaos,
even though the number of interruptions has been doubled, when the birth -and
harvest impulses have been merged. We can observe that, by mixing the impulse
types, the impulsive effect on the dynamics, in terms of ApEn-values and UPOs,
balance between the effects of Scenario 1 and 2, for certain delay values. The
predictability of the system of Scenario 3 seems more strongly dependent on the
delay size than on fI . Hence, an increase in impulse frequencies does not necessarily
yield a stronger effect on the dynamics under constant impulsive strength. Impulsive
effects depends on the impulsive type, and the delay values.

Only under the maximal delay value in case IV, we observe a marginal increase
in the ApEn-value due to the increase in fI , but not in Np. The number of UPOs,
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which occur under impulses, is strongly linked to the delay size. The increase in
UPOs for τ1 ≥ τ∗, compared to the Base Case, seem to be caused by the impulsive
interruptions.

However, an increase in fI , under an fixed τ1-value, does not necessarily let new
UPOs occur. This is probably also dependent on the impulsive type, its strength,
and how impulses are implemented and react with the system S0. Under constant
conditions (e.g. delay value, impulsive strength, types, frequency, implementation,
etc.), it seems that there is a limit, to where an increase in impulse frequency shows
an effect on the UPOs in the attractor. The ApEn-values of a system with τ1 > τ∗,
seem to react, to an increase of the impulsive frequency, under otherwise constant
conditions. But, for τ1 ≤ τ∗, the ApEn-values lie in-between the minimal and
maximal values of the single impulses.

7 Conclusion

With respect to the Base Case model, the ApEn results and the number of UPOs
lead to consistent results, with the MLE and forecast errors, concerning predictabil-
ity. We observed that the irregularity, i.e. high ApEn value, in time series is syn-
chronous to the occurrence of UPOs, as both instances are very dependent on the
delay values. UPOs seem to depend on the impulsive type and the delay value,
but less on the impulsive frequency, while the ApEn-value seems to increase with
an increase in the impulse frequency and in the delay of biomass conversion (τ1).
The ApEn-values are different for birth, harvest and birth-harvest impulses, hence
its value depends also on the impulsive type. A connection between Np and the
size of the ApEn-value is also possible. Predictability seems to be connected to the
delay size. As in [13] and [12], we could separate the dynamics into predictable and
unpredictable dependent on a critical τ∗-value.

The predictability of the particular system under impulses depends on the delay
value.

It has been observed that chaotic time series are connected to large time de-
lays. Periodic and multi-periodic series, with medium delay size are short term
predictable, while very regular series, which are consistent with small delay values,
are predictable. To make inference about predictability of IDDE systems, the reg-
ularity and the structure of the system attractor need to be considered, if delay
values are unknown.

The authors in [35] found out that stronger impulsive strength leads to faster
movement into chaos. In my analysis, I observed that the size of delays is connected
to the dynamical behavior. While the impulsive strength was constant in the par-
ticular case, we could relate large delays to chaos, and small delays to stability.
However, we can imply from [35] that delay values of a system under increasing
impulsive strength must be decreasing to maintain stability. Hence, under stronger
impulses dynamical systems become chaotic for smaller delays.

It seemed that the system reaches, dependent on the delay, a maximal amount
of irregularity, given an impulsive frequency. When the maximal frequency has been
reached, further interruption did not show an effect on the examined instances.

Of all examined effects, it seemed that the delay size is the most important
instance for dynamics of IDDE systems. The delay size dictates the motion on the
attractor and the pattern of the time series, and hence predictability.

The time a species needs to convert food into biomass appears to determine the
population dynamics and its predictability. In reality this delay can naturally be
increased by the time a species needs to search for resource or compete with other
species for the same resource. In this work, we assumed that there is always food
available, thus issues such as food-competition, have not been considered.
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We have assumed that the strength of birth impulses is independent of popu-
lation size. We observed however that stronger birth events lead to more complex
dynamics. Thus, large populations have probably a stronger birth strength and,
therefore exhibit rather chaotic behavior.

Natural situations are much more complex than the cases assumed in this
manuscript. It would therefore not be surprising that, in reality, delay times are
larger, in the sense that τ1 > τ∗. This however means that natural populations may
be chaotic under birth and harvest impulses and, therefore not predictable.

All results and conclusions, which were drawn in the course of this manuscript,
are highly connected to the particular model and the particular set of parameters.
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A Tables

Table 12: Nomenclature for the population model S0 in (4)
z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
y(t) ∈ R+ Biomass of mature population
t ∈ R Simulation time
τi ∈ R, i ∈ {1, 2} Time delays
f(z(t), θi), i = 2 Resource-growth-function (Holling-II function)
θ2 ∈ R Parameter-set of the resource-growth function f(z(t), θ2)
ax ∈ R+ Resource uptake rate of the immature population
µ ∈ (0, 1) Resource conversion rate into biomass
dx ∈ (0, 1), dy ∈ (0, 1) Mortality rate of x(t), y(t)
δ ∈ (0, 1) Maturation rate
IR Recruitment impulse on the immature population x(t)
Ix, Iy Harvest impulses on the im-/and mature populations , x(t), y(t)

Table 13: Scenario-cases used in the numerical experiments
Scenario-case I II III IV

Variable parameter Sign/value

τ1 0.1 0.4 0.5 0.63
τ2 0.1 0.1 0.1 0.1

θ2 = {a, b} {2,2}
Holling-II parameter a = b

Table 14: Fixed parameters used in the numerical experiments
Parameter ax µ dx dy {z0, x0, y0} δ

Value 1.6 0.4 0.2 0.15 {2.0, 1.0, 0.5} 0.35

26



Table 15: Lyapunov spectrum and KY-dimension–Scenario 1
Scenario 1 Spectrum (λi, first i ∈ {1, ..., 6})and KY-dim

I-a 0.06 -0.04 -0.2 -0.4 -0.85 - 2.1
I-b 0.04 0.01 -0.01 -0.03 -0.05 -0.07 4.2
II-a 0.09 -0.03 -0.3 -0.8 - - 2.2
II-b 0.03 -0.04 -0.4 -0.8 - - 1.75
III-a 0.4 0.05 -0.08 -0.3 -0.7 - 4.4
III-b 0.2 0.04 -0.1 -0.3 -0.8 - 3.33
IV-a 0.8 0.2 -0.03 -0.2 -0.5 -1.4 5.4
IV-b 0.8 0.3 -0.02 -0.2 -0.6 -1.3 5.5

Table 16: Lyapunov spectrum and KY-dimension–Scenario 2
Scenario 2 Spectrum (λi, first i ∈ {1, ..., 6})and KY-dim(rounded)

I-a 0.3 0.09 0.00 -0.03 -0.06 -0.1 7
I-b 0.3 0.05 0.00 -0.03 -0.06 -0.1 7
II-a 0.09 -0.00 -0.1 -0.3 -0.8 - 2.9
II-b 0.09 -0.01 -0.1 -0.3 -0.7 - 2.8
III-a 0.4 0.09 -0.08 -0.3 -0.9 - 5
III-b 0.3 0.08 -0.07 -0.3 -0.8 - 4.0125
IV-a 0.9 0.3 0.07 -0.2 -0.5 -1.4 5.4107
IV-b 1.3 0.5 0.16 -0.01 -0.18 -0.3 7.5583

Table 17: Lyapunov spectrum and KY-dimension–Scenario 3
Scenario 3 Spectrum (λi, first i ∈ {1, ..., 6})and KY-dim(rounded)

I-a 0.22 0.02 -0.06 -0.11 -0.18 -0.27 4.3888
I-b 0.23 0.00 -0.05 -0.10 -0.15 -0.2 4.5333
II-a 0.09 -0.01 -0.12 -0.35 -0.85 - 2.666
II-b 0.06 -0.02 -0.16 -0.37 -0.79 - 2.25
III-a 0.47 0.15 -0.02 -0.19 -0.39 -0.89 5.02247
III-b 0.26 0.04 -0.07 -0.30 -0.76 - 3.7666
IV-a 0.79 0.24 -0.02 -0.21 -0.49 -1.4 5.2214
IV-b 0.6 0.12 -0.15 -0.39 -1.18 - 4.1525
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