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Abstract

This paper studies the stability and dynamics of a stage-structured (im-
mature/mature) population. The emphasis is on how resource available to the
immature stage indirectly regulates the dynamics of the mature stage, where
the resource is defined by a Holling-II type function.

We present results from numerical experiments, where inference about
stability and predictability of the system dynamics is based on the theory of
Lyapunov exponents.
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1 Introduction

Time series and time series analysis arise in all kind of (real world) applications,
where measurements of (scientific) data are important, e.g., in geophysics [41], cli-
mate and atmosphere [55], physiology [40], finance and economy [19, 50], biology
and ecology [3]. Beyond understanding the observations and hidden structures,
one searches for proper models that describe the data. The goal is then to ap-
ply the models in identifying control instances such as feedback mechanisms, or in
predictions, such as in weather forecasting.

The range of time series methods is broad, and includes all from auto-regression
analysis [22] to wavelets [55]. These methodologies act on data structures that are
stochastic or deterministic, linear or nonlinear. The data structures also include
those generated from systems, where the system trajectory depends strongly on
initial conditions, i.e. chaotic. Chaotic time series are typical for physical, biological
[3] or climate data. Recently, much attention has been paid to time series from
dynamical systems, see [47], because of their chaotic attributes, see [42].

The general system dynamics for x(t) ∈ R
n can be described by the autonomous

ordinary differential equation (ODE) system (1), where f is a functional operator,
[27]. It is possible to obtain analytical results about the system stability, sensitivity
to initial conditions, and predictability. There is an abundance literature on these
issues [1, 16, 21, 24, 57].

ẋ(t) = f(t, x(t)) (1)

A variant of system (1) is given by (2), which involves, in addition, a previous
solution x(t − τ) of x(t) at 0 < τ ≤ T, T ∈ R, time-steps in the past, [27, 43].
The parameter τ is called delay. System (2) can depend on several delays, see
[43]. For this particular system, obtaining closed form solutions is challenging,
and analytical tools are either unavailable or limited. Time series analysis offers a
viable approach to obtaining information about the system dynamics. The approach
involves applying time series analysis methodologies to a finite data set from the
system defined by (2). This has the advantage of making inference on the system
dynamics without knowing the exact mathematical model structure. A particular
challenge to the time series application arises when the system dynamics is sensitive
to initial conditions.

ẋ(t) = f(t, x(t), x(t − τ)) (2)

The Lyapunov exponents present a methodological approach for the study of
such chaotic series, [3, 15, 33, 56]. For the system defined by (2), the Lyapunov
exponents can be determined from the system time series [7] or by an approximation
of the delay terms, see [10]. There are several ways of extracting the Lyapunov
spectrum from (observed) time series, see [6, 56]. The exponents help in classifying
system characteristics, and for time series prediction, see [11, 20, 38, 56, 59].

In [12], we studied the effect of varying resource on the dynamics and stability
of a marine population. We analyzed a two-stage structured (mature/immature)
population model with a delay term in the conversion of resource into biomass. We
investigated the significance of different functional representations of the resource,
and how varying functional parametrization lead to different types of dynamic forc-
ing at the immature population stage. This manuscript is a sequel to [12]. While
[12] considered mainly the immature population stage and the local situation at
the equilibrium points, the emphasis in this manuscript is on the system dynamics
of the mature, sensitivity to initial conditions and the system predictability. This
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manuscript determines the exponents from time series, see [11, 56, 59]. The forecast
horizon and predictability of the time series will be based on MLEs.

The manuscript is organized in the following way. Section 2 describes the base-
case model S0. Section 3 describes the numerical methods and Section 4 presents
an illustrative example of the analysis. Three methods for estimating the maxi-
mum Lyapunov exponents (MLE) are compared and discussed as well in Section 4.
Section 5 presents the execution of the numerical experiments and Section 6 sum-
marizes the results from the numerical experiments. A summary follows in Section
7 and a conclusion of the manuscript is presented in Section 8. Section 9 discusses
possible extensions of the work presented.

Appendix A presents Tables referred to in the manuscript.

2 Model Description

Throughout this work, we adopt the nomenclature in Table 5. The base-case model
S0 is given by (3):

S0 ≡







ż(t) = f(z(t), θ2)− axz(t)x(t),
ẋ(t) = µaxz(t− τ1) · x(t − τ1)− dxx(t)− δx(t),
ẏ(t) = −dyy(t) + δx(t− τ2),

(3)

with τ2 ≈ 0 and f(z(t), θ2) : R+ 7→ R+ defined by (4),

f(z(t), θ2) =
az(t)

b+ z(t)
, (4)

where a = αb with a ∈ R+, b ∈ R+ and α ∈ R+. The resource-growth function
f(z(t), θ2) in equation (4) is known as the Holling-II function.

The parameter dx and dy are the death rates, respectively of the immature
and the mature population, while δ is the rate at which a part of the immature
stage transitions to the mature stage. The constant ax represents the scale of food
uptake at (t−τ1), with τ1 representing the retardation in the feedback-cycle between
ingestion and biomass growth. The parameter µ controls how much of the resource
uptake is converted into biomass. Thus, the food induced biomass change ẋ(t) at t,
is regulated by the prior population biomass and the resource density. The mature
population changes in its biomass ẏ(t) due to maturation and natural mortality.

Equilibrium

Assuming z(t)∗ = z(t) = z(t− τ1), x
∗ = x(t) = x(t − τ1) = x(t − τ2), y

∗(t) = y(t).
Setting ż(t) = 0, ẋ(t) = 0 and ẏ(t) = 0, we derive from system (3) the non-trivial
equilibrium points

(z∗, x∗, y∗) = (
a

axx∗
− b, x∗,

δ

dy
x∗), (5)

where

x∗ =
µa

µaxb+M
. (6)

We observe that y∗ ∝ x∗ with proportionality constant δ
dy
. Further, the resource

equilibrium can be written as function, z∗ = g(a, ax, x
∗, b), since a, ax and b are

constants, we note that z∗ ∝ 1
x∗

and the definition of g(·) is obvious. With y∗ ∝ x∗,
also z∗ ∝ 1

y∗
. Therefore, the equilibrium point of the mature is affected by the

immature and resource equilibrium point.
The equilibrium point (5) shows further the central role of the immature popu-

lation in the system, and in particular the relevance for the mature.
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3 Analysis of time series from the system S0

We use non-linear methods to analyze the time series (xt, yt, zt).
We first need to establish that the time series is non-linear, see [4]. Next, we

determine the embedding dimension of the underlying dynamic, and ultimately the
MLEs. The methods are defined briefly.

3.1 Non-linearity Test

The following test checks specifically, if a time series is Gaussian or not. Non-
Gaussianity is indicative of non-linearity of the time series, [4]. The approach for
testing Gaussianity involves third order methods and surrogate data testing. The
third order moment of a Gaussian time series is zero, see [54], while surrogate
data tests are based on hypothesis testing, build on assumption of the statistical
distribution of the observed time series.

Third-order moments

Moments are defined by the moment generating function, using series expansion of
the exponential function. We state the following definitions, adapted from [54].

Definition 3.1. (Moment generating function-Power series)
Let X be a single random variable. The moment generating function M(t) of X is

M(t) = E(etX), E is the expectation, (7)

=
∞
∑

i=1

E(X i)
ti

i
, (8)

=

∞
∑

i=1

mx
i

ti

i
, where mx

i = E(X i). (9)

For a multiple random variable, we define

M(t1, t2, ..., tn) = E(et1X1+t2X2+...+tnXn). (10)

Given M(t1, t2, ..., tn), the third order moment is given by the third derivative
of the moment generating function at t = 0.

In the applied non-linearity test, we calculate the third order moment and com-
pare its expected value with the third order moment of the time series of the
surrogate data, generated by the Amplitude Adjusted Fourier transform (AAFT)
method.

Surrogate data testing and AAFT method

The surrogate data test consists of a null hypothesis H0 of a given data set, see
[28, 30]. The significance level of the test is given by α. The non-linearity test used
in the following, considers the null H0 and the alternative H1 hypotheses defined
by,

H0 ≡ {xt is generated by linear Gaussian process},
H1 ≡ {xt is not generated by linear Gaussian process}.

The surrogate data is generated using a method of Fourier Transform (FT) and
phase randomization. The FT of a time series x = (x1, ..., xN ) with length N and
zero mean, is given by [30],

f(ω) =
1√
2πN

N
∑

t=1

e−iωtxt,−π ≤ ω ≤ π. (11)
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The surrogate data yt, with fixed Fourier amplitudes |f(ωj)| and uniform distributed
random numbers φrand(ωj) ∈ [0, 2π], is given by,

yt =

√

2π

N

N
∑

j=1

eiωjt|f(ωj)|eiφrand(ωj ) . (12)

The original data can be reconstructed by the inverse FT, see [30]. The FT sur-
rogates yt are asymptotically uniform and normal distributed. Therefore, it can
be easily established whether the surrogates do have the same distribution as the
original data.

We use the method of Amplitude Adjusted FT (AAFT)-Surrogates.

AAFT method

This method assumes, that the surrogate time series and the original time series
are comparable on the basis of their higher-order moments. Hence, to test if the
original data and the surrogate data are derived from the same distribution, one
uses the Skewness and Kurtosis, i.e. third and fourth order moments of the original
and surrogate time series.

Bootstrapping is used to compare the Skewness, i.e. measure of symmetry
around the mean of the time series, of the original with the surrogate time series
based on test statistics, see [2, 8, 54].

• If these third-order moments are equal for both series, we conclude that the
original data is linear.

The bootstrapping method from [2], aims to find a third-order estimate in the region
0 ≤ ξ1 ≤ ξ2 ≤ M , with M as a truncation value (1 ≤ M ≤ N). The integers ξ1
and ξ2 define the serial indicates for the calculation of the third-order moments, i.e.
Xl, Xl+ξ1 , Xl+ξ2 . And ∆# := {(ξ1, ξ2) : 0 ≤ ξ1 ≤ ξ2 ≤ M, ξ1 + ξ2 > 0} defines the

regions of the bootstrap series. The cardinality of the test is T# := (M+1)(M+2)
2 −1.

For more details see [2].

3.2 Characteristics of Underlying Dynamics

Average Mutual Information (AMI) – Delay τ

For linear time-series, the auto-correlation function (ACF) is a proven and sufficient
method to calculate the time delay, see [13, 14]. But as this method is inappropriate
for non-linear systems, [13, 14] introduce an alternative to the ACF the AMI for
non-linear systems. Given that AMI is based on probability densities, it detects
the density of episodes, which resemble each other and therefore lie close together
in the phase space, [13, 14]. Similar to the (ACF) method, the aim is to determine
the first delay τ which minimizes AMI, and hence assures independent coordinates.

Definition 3.2. (Average Mutual Information (AMI))
Let xn, n ∈ [N ], N ∈ N be a data series and xn+τ be delayed data points. Further
define P (xn) as frequency distribution of a single data point. The joint probability
of two data points, xn and xn+τ , is then given by P (xn, xn+τ ). In [14], the AMI
with respect to time series delay τ , is specified via,

I(τ) = −
N
∑

i=1

P (xn, xn+τ )ln

(

P (xn, xn+τ )

P (xn) · P (xn+τ )

)

. (13)
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The optimal τ is given by

argmin
τ

I(τ), (14)

s. t. ∀ τ
′

< τ : I(τ) < I(τ
′

). (15)

Numerically, the optimal delay is easy to find. One simply has to plot I(τ)
against the τ -range, and choose the τ of the first minimum, see [13, 14].

False nearest neighbors (FNN) – Embedding DE∗

Given τ , we are able to construct d-dimensional delay vectors y defined by,

y ∈ R
d, y = [xn, xn+τ , ..., xn+(d−1)τ ], (16)

with n = 1, and N ′ = N − (d− 1)τ , see [13, 14, 20], which, all together, reconstruct
an orbit. d is called the embedding dimension, see [20]. The concept of False
Nearest Neighbors (FNN) helps detect the appropriate embedding dimension DE∗

in the following way:
Two nearby vectors y1 and y2 of the form (16), are referred to as FNNs if, given

a certain threshold R, [14],

|x1
n+dτ − x2

n+dτ |1
||x1

n+dτ − x2
n+dτ ||2

> R, (17)

where ||.||ℓ refers to the ℓ-norm.
Extending the embedding dimension d, step-by-step by 1, such that the num-

ber of neighbors drops, while the number of FNNs increases, yields the optimal
embedding dimension DE∗ , [14].

Definition 3.3. (Embedding DE∗)
The embedding dimension DE∗ = d+ i, i ∈ N, when,

#neighbors in dimension d+ i,

#neighbors in dimension d
→ 0. (18)

Plotting the quotient in equation (18) against d + i, i ∈ N, we derive a falling
curve as i increases. The curve tends to zero for i → ∞. Hence, DE∗ equals d + i

at the first local minimum.

Embedding theorems

Equipped with the delay τ and a sufficiently large embedding dimensionDE∗ , we are
able to reconstruct a phase-space, which resembles the phase-space of the true dy-
namical system of the time series, see [45]. This is possible, as it can be shown that
under given conditions, there exists a diffeomorphism between the reconstructed
orbit and the orbit in the original phase space, see [20]. A diffeomorphism is topo-
logical preserving one-to-one mapping. The basic theory behind the phase space
reconstruction can be found in [20, 36, 45, 48].

Lyapunov exponents

We apply the theory of Lyapunov exponents to analyze the population model S0

in (3). This section introduces the definitions of the Lyapunov spectrum and the
MLE. The spectrum allows to classify the kind of attractor characterizing the system
dynamic, see [38, 39, 56]. The MLE helps make inference about system stability
and predictability, see [20, 26]. Several ways to calculate the Lyapunov exponents
exist (see [49]).
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Lyapunov spectrum

The spectrum of Lyapunov exponents is the result of the expansion of neighbor
points, which were initially clustered in a d-dimensional sphere. Starting with initial
conditions of a dynamical system, we will end up with a d-dimensional ellipse as
t → ∞, see [56]. The principal axes pi, i ∈ {1, ..., d} of the d-dimensional ellipse is
the Lyapunov spectrum, [38, 53, 56],

Definition 3.4. (Lyapunov spectrum)
Given the i-th principal axis of the d-dimensional ellipsoid at time t and at initial
time, the Lyapunov spectrum {λ1 > ... > λi−1 > λi > λi+1 > ... > λd} is then
defined by

λi = lim
t→∞

log
p(t)i
p(0)i

, ∀i ∈ [d]. (19)

The spectrum allows to makes inter alia, the following conclusions about the
dynamical system, see [51, 53, 56]:

• The exponents describe the speed at which the axes of the attractor diverge
or contract, depending on their sign and absolute value

• λi > 0 fit averaged expanding axes pi(t) and λi < 0 fit averaged contracting
axes pi(t)

• With the signs of Lyapunov spectrum one can classify the system attractor
(e.g. in 3 D):

Table 1: Type of attractor defined by the Lyapunov spectrum
Spectrum-signs Attractor-type
(−,−,−) fixed point
(0,−,−) limit cycle
(0, 0,−) two-torus
(+, 0,−) chaotic attractor

Maximum Lyapunov exponent (MLE)

A positive MLE indicates limited predictability dependent on its speed of diver-
gence, which is given by its absolute value, while a negative MLE promises unlimited
prediction. Therefore, the MLE is used to calculate the future time horizon.

Considering a spectrum {λ1 > ... > λi−1 > λi > λi+1 > ... > λd}, the MLE
is represented by λ1, see [51, 53, 56]. The MLE describes, how small errors δ0 =
|xn−x

′

n| between recurrent points xn, x
′
n of a (time series) trajectory Xn will develop

(exponentially) in its future error δl = |xn+l − x′
n+l|, l ∈ N samples ahead, see

[20, 53],

Definition 3.5. (MLE)
The MLE λ1 is given by

|δl| ≈ δ0e
λ1l. (20)

The type of motion can be determined according to Table 2, see [26].
Thus the MLE helps classify the system dynamics, and determines its pre-

dictability.
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Table 2: System motion–Maximum Lyapunov exponent
Motion-type classified by the MLE, (λ1)
stable fixed-point λ1 < 0
stable limit cycle λ1 = 0
chaos ∞ > λ1 > 0
noise λ1 = ∞

3.3 Algorithms for calculating MLE

In this section we present three approaches for the calculation of the MLE. We will
shortly describe the algorithms and state their fundamental differences.

Rosenstein

The Rosenstein algorithm implements Definition 3.5 to calculate the MLE. The
algorithms follows the steps according to [42].

In the first step, the embedding dimension and the reconstruction delay are
determined. The determination of these delay uses the fast Fourier Transformation
(FFT), while the embedding dimension is based on Takens Theorem, see [35]. The
mean period is the mean frequency of the power spectrum. Then the FNNs are
calculated for all points on the trajectory to determine pairs of nearest neighbors.
These pairs and their distances are used as initial conditions for several trajectories.
The rates of separation, i.e. the distance between neighboring points exceeding the
mean period, of the neighboring points are summed and averaged. The averaged
sums are the potential MLEs, as they represent the divergence of neighboring points
according to MLE with initial separation C, i.e. d ≈ Ceλ1∆t. This relationship is
used to create parallel lines, ln(d) ≈ ln(C) + λ1(∆t). The MLE finally is given by
the maximal slope of the least-squares fit to all parallel lines.

Kantz

The algorithm by Kantz follows mainly the steps of the Rosenstein method. The
biggest difference between the two approaches is that the Rosenstein method con-
siders only very close recurrent points, while, in the Kantz approach, the initial
neighborhood size ǫ is adaptable. The MLE from the Kantz method is the maximal
linear slope of the lines S(ǫ,DE∗ , t). S(ǫ,DE∗ , t) is defined in [20] in the following
way:

Given an initial neighborhood size ǫ > 0 and the estimated embedding dimension
DE∗ (see Section 3.2), the approach calculates, for all DE∗ > D0,

S(ǫ,DE∗ , t) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ln





1

|Xn|
∑

x
′

n∈Xn

xn+t − x
′

n+t





∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n

, (21)

where t describes the iterative steps of the time series Xn with || · ||n as the n-
norm. As S(ǫ,DE∗ , t) is linearly, increasing, decreasing or constant with time t, its
maximal slope presents the value of MLE λ1.

See [20, 25] for details on the Kantz algorithm.

Wolf

We describe the procedure according to [42, 56].
The Wolf algorithm considers only a part of the available data, the so called

fiducial trajectory. This trajectory presents the non-linear part of a system. Fur-
thermore, the Wolf method uses the Gram-Schmidt reorthonormalization (GSR)
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procedure together with a phase-space and tangent-space approach. In the algo-
rithm the nearest neighbors are searched and replaced as soon as the separation of
the fiducial trajectory becomes too large. The GSR procedure makes sure that the
replaced neighbor follows the right phase-space orientation.

Using the GSR procedure, the Wolf algorithm is computationally more complex,
than e.g. the algorithm by Kantz or Rosenstein, see [42].

Strange Attractors

The dimension of attractors can not be described with usual dimensional terms, as
the structure is too irregular, see [51]. However, the fractal dimension D has been
introduced to measure the dimension of such irregular attracting sets, [31, 34]. The

fractal dimension is defined by D = log (N)
1
r

, where N is the number of segments of

length r, which are needed to cover the whole attractor [31]. A segment can be a
cube or a circle and the length of the segment is respectively the edge length of the
cube or the circle radius. It is challenging to determine the fractal dimension of an
attractor. The Kaplan-York-dimension can however be used as an estimate to the
fractal dimension D. The definition of the KY-dimension is based on the Lyapunov
spectrum, see [51].

Definition 3.6. (Kaplan-York-dimension (DKY ))
If λ1 ≥ λ2 ≥ ... ≥ λn are the Lyapunov exponents of a dynamical system in R

n and
j is the largest integer for which λ1+λ2+ ...+λj−1+λj ≥ 0, then the Kaplan-York
(KY)-dimension is given by

DKY = j +

j
∑

i=1

λj

|λj+1|
. (22)

Definition 3.7. (Strangeness)
An attractor is strange, i.e. sensitive to initial conditions, if its attracting set is
fractal in nature.

Example 3.1. (Non-strange attractors)
Three examples for non-strange attractors are given in [51]. Fix point attractor is
non-strange and approaches the geometric structure of an equilibrium point. The
Limit cycle attractor is associated with periodic motion, and a Torus attractor with
an quasi-periodic motion, see [51].

Example 3.2. (Strange attractors)
Examples of strange attractors can be found in [13, 17]. In the literature, the
Roessler, Lorenz, and Henon attractors are perhaps the most analysed. Figure 1
shows an example plot of the Henon attractor for parameters (b = 0.3, a = 1.4).
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Figure 1: Example of a strange attractor

Remark 3.1. (DKY - dimension)

• If DKY is an integer, the attractor is not strange. It is strange otherwise.

• Orbits of non-strange attractors can be predicted, given initial conditions on
the orbit.

• Strangeness does not imply chaos, but chaos implies strangeness. Chaosmeans
that the system is not predictable at all, while strangeness only states that the
phase space motion shows an unusual geometric behavior, see [51].

3.4 Predictability and Forecast Horizon

In order to make inference about the predictability and forecast horizons of our sys-
tem, we employ the MLE. A positive MLE implies that the system is unpredictable,
as the system trajectories will diverge in the long run. Therefore the forecast time
horizon (prediction time) Tp for λ1 > 0 is finite, see [39]. However a MLE < 0
results in the forecast horizon Tp = ∞, see [39].

Given a delay vector [s(m−1)τ+1, ..., sN ] ∈ R
m the aim is to forecast a new

measurement, ∆n time steps in the future based on the last measurement sN , given
a threshold ǫ. Its value has to be chosen, such that all values within this threshold
are candidates for good forecasts of sN . Hence, we define the neighborhood Uǫ(sN )
around sN containing all points less than ǫ away from sN .

For all the points in the neighborhood Uǫ(sN ), we find the embedding vectors
sn ∈ Uǫ(sN ) and predict their values, sn+∆n.

The prediction ŝN+∆n of sN is then given by the average over all forecasts
sn+∆n, see [26],

ŝN+∆n =

∑

sn∈Uǫ(sN )

sn+∆n

|Uǫ(sN )| . (23)

The divergence in the neighboring points indicate how good the prediction
ŝN+∆n is, compared to the prediction of point sN+∆n in direction of the delay-
coordinate. A small forecast error indicates that the predictions ŝN+∆n and sn+∆n

are close, and thus we can accept the prediction to be good.
The difference between ŝN+∆n and the prediction of sN+∆n is calculated for

each n time step ahead and defined as the root mean squared (rms) forecast error,
Error := ||ŝN+∆n − sN+∆n||2.
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In the next section an illustrative example shows the calculation of the embed-
ding dimension, the delay and forecast error. The algorithms for the calculation of
the MLE are compared.

4 Illustrative Example–the Henon-map

Example 4.1. (Henon-map)
The Henon-map [56] is defined by

Xn+1 = 1− aX2
n + Yn, (24)

Yn+1 = bXn. (25)

where b = 0.3, a = 1.4, and initial values (X0, Y0) = (0.1, 0.1).

We generate 1500 data points of equation (24)-(25). The aim is to illustrate the
numerical methods using the generated time series.
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Figure 2: Results of the Henon-map

Figure 2.a shows the plot of FNNs, which has its first minimum around 2.
Therefore the embedding dimension is set to D∗

E = 2. Figure 2.b shows the graph
of the AMI. Here, we derive a first minimal τ at approximately 5. Hence, we set
the optimal delay τ = 5. We could have equally set τ = 13. This shows that an
exact decision on the values of m and τ is not always clear.

As the MLE is positive λ1 = 0.4 > 0 (see λMLEK
in Comparing MLE-algorithms),

we conclude that the dynamic is chaotic, see [51]. If λ1 = 0, we would have a non-
chaotic attractor. The positivity of λ1 implies unpredictability of the system, which
results in large forecast errors for low iteration steps (see Figure 2.c) and limited
prediction time Tp. The KY-dimension (see Definition 3.6) in Table 6 indicates
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further that the attractor of the Henon-map is strange, as it is a non-integer, [51].
The strangeness of the attractor follows directly from the fact that the system is
chaotic.

Comparing MLE – algorithms
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Figure 3: Results of the different MLE-Algorithms

The results of the three algorithms are presented in Figure 3.a,.b,.c. The MLE
from Figure 3.a with the Rosenstein scheme is the maximal slope of the linear line-
segment. We calculate λMLER

= 0.35. For the MLE from the Kantz algorithm, we
derive the value λMLEK

= 0.4 by choosing the steepest slope of all lines, see Figure
3.b. From the Wolf algorithm, we observe that the plot in Figure 3.c converges to
the value 1.35. Hence, we derive λMLEW

= 0.375. The different approximation
techniques yield different results, which are close to each other.

Compared to the correct MLE of the Henon-map, see Table 7, the Kantz algo-
rithm yields the best result for this example, followed by the Wolf algorithm and
the Rosenstein algorithm. And the linear increase in Figure 3.b indicates exponen-
tial divergence of related trajectories, which results in chaotic behavior. The Wolf
algorithm is very sensitive to different times between time series sample values and
requires long series data in order to converge.

In this manuscript the applicability of these three schemes may change depend-
ing on the time series. Only one of the three methods are used at a time in the
numerical experiments. If all three algorithms provide similar results, this will be
mentioned.

The next chapter specifies the set-up of the numerical experiments of model S0.
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5 Description of numerical Experiments

We consider model S0 from system (3) with the Holling-II function as resource-
growth function. For the experiments, we aim to vary the Holling-II function to
see the effect of a changing food-basis on the mature population. We consider
two situations conditioned on the parameters θ2 = {a, b}. A selection for different
possible parameters for the Holling-II function is represented in Figure 4.
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Figure 4: Holling-II function f(t) for different parameter values θ2

Table 3: Parameter settings for the numerical experiments
Parameter Settings

Scenarios θ2-condition τ1 τ2 Comments

1 a = b 0 0 ODE-setting
2 a = b 1.2 0 τ1 increases compared to Scenario 1
3 a = b 2 0 τ1 increases compared to Scenario 2
4 a < b 0 0 θ2-set varies

The Scenarios for the numerical experiments are summarized in Table 3.

[Scenario 1 to 3]

Scenario 2 and 3 are more or less sub-cases of Scenario one, as we increase only the
delay value τ1. The goal is to detect the critical τ∗, as well as to study the effect
of τ as its value increases. τ∗ is critical in the sense that we expect a change of
dynamics at τ∗, such that the dynamics for τ < τ∗ are significantly different from
the dynamics for τ∗ < τ .

[Scenario 4]

Scenario 4 looks at the effect of changed resource-growth-parameters on the dynam-
ics.

For each of the Scenarios, we follow the procedure described in Section 3, i.e.
checking for the time series non-linearity and application of non-linear methods to
determine MLE, and predictability of the system. We present the model time series
and the reconstructed phase space dynamics of the mature series, see [48].

The next chapter presents the results from the non-linearity test and the model
analysis.
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6 Results

This section begins with the test for non-linearity on the mature time series and
moves on to the model analysis for the different scenarios. We present further the
results from the analysis of the mature state. As the results of the model analysis of
the immature stage and the resource are very similar to the results of the mature,
we will skip their analysis and only concentrate on the mature.

Summary – Non-linearity Test

For our time series, we chose α = 5% as significance level and a sufficient large
number of bootstrap-replicates (see [37]). The results are summarized in Table 4.

Table 4: Non-Linearity Test results with α = 5% significance-niveau
Scenario 1 2 3 4

Variable parameter Sign/value

p-value 0 0.025 0.1546 0.035
ACF-delay 7 15 30 12
AMI-delay 3 2 15 5

Bootstrap-replicates 5000 5000 5000 5000
Reject H0(yes/no;1/0) 1 1 0 1

The test-results show that except for Scenario 3, the time series of our model S0

are non-linear. This results is in accordance with the structure z(t− τ1) · x(t− τ1)
in system (3), which suggests non-linear behavior, see [23]. The exceptional result
for Scenario 3 might be justified, by the fact that the bootstrap-methods may fail
for low-chaotic time-series (see [52]).

The next section presents results from the time series for each Scenario on de-
riving MLE and prediction horizon.

Model analysis – Scenario 1

In Figure 5.a the trajectory plot presents the time series of the immature, mature
and resource for the parameters in Table 8 and 9. The trajectories converge with
oscillated decay to their equilibrium points (z∗, x∗, y∗) = (0.860, 0.437, 1.018). The
mature follow the dynamics of the immature with a different amplitude and biomass-
density. Figure 5.b emphasizes the stabilizing tendency of the mature, i.e. we see a
non-strange fix-point attractor. According to Figure 5.c the embedding dimension
is m = 4 and from Figure 5.d, we choose τ = 3.

Kantz computation in Figure 6.a shows a clear tendency. Hence, we compute
a negative MLE, λ1 = −0.13, at its maximal slope. The system is hence stable.
According to Table 2 we can expect that the dynamics tend to a stable fix point
attractor.

A negative MLE further states that the system is predictable. Therefore the
future time horizon is infinite. Figure 6.d shows the forecast error of the mature-
trajectory. The error decreases with increasing iteration steps.

Model analysis – Scenario 2

Figure 7 shows the dynamics for Scenario 2 and the parameters in Table 8 and
9. The only difference, compared to Scenario 1, is that the feedback-delay τ1 is
increased in its value. Figure 7.a shows the model trajectories. The resource, the
immature and the mature are oscillating. The constant oscillations are reflected as
well in Figure 7.b, where we observe a unstable limit-cycle attractor. From Figure
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Figure 5: Results of model analysis–Scenario 1
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Figure 6: Result of MLE-Algorithm and Forecast–Scenario 1
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Figure 7: Results of the model analysis–Scenario 2
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7.c the embedding dimension for this case is set to m = 6, while we choose τ = 15
according to the AMI plot from Figure 7.d.

From the Wolf algorithm (see Figure 8.a) we can spot convergence to 1.03, which
results in a MLE value of λ1 = 0.043. Hence, the MLE is approximately zero. A
test of the Rosenstein and the Kantz algorithm give consistent and identical results.

As λ1 is in fact positive, we might expect the time horizon to the limited.
This goes along with the forecast error in Figure 8.d. There we see an almost
linear increase in the error with increasing forecast steps. Hence, the system is not
predictable for infinite steps into the future.

Model analysis – Scenario 3
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Figure 9: Results of model analysis–Scenario 3

For the parameter values in Scenario 3, (Table 8 and Table 9), we observe
increasing oscillating dynamics in Figure 9.a. Also Figure 9.b shows expanding
dynamics. From Figure 9.c we determine m = 5 and from Figure 9.d, τ = 15.

The graph from Wolf algorithm in Figure 10.c converges to a limit 1.3. This
finally yields λ1 = 0.37. Further are the results from the Wolf and the Kantz
method comparable. Referring to Table 2, the dynamics converge to a chaotic
attractor. This implies that the attractor is strange, which can be justified by the
DY-dimension, which is 2.02.

We find a clear positive MLE in this Scenario and therefore chaotic dynamics.
The system is not-predictable. This is reflected in the forecast error plot in Figure
10.b.

Recall that the time series of Scenario 3 was detected to be linear. But as the
present analysis shows, the time series of Scenario 3 is actually chaotic. According
to [52] this could be the reason why the non-linearity test failed.
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Figure 10: Result of MLE-algorithm and Forecast–Scenario 3

In the last three Scenarios we considered the same resource-growth function
with θ2 = {2, 2}. Increasing the parameter b, the Holling-II function shows a slower
increase to its limit, see Figure 4. The effect of a slower growing resource-function
shall be studied in Scenario 4, where we use otherwise the same parameter as in
Scenario 1. As Scenario 1 and 4 are comparable, we can study the effect of the
resource function on the dynamics.

Model analysis – Scenario 4

Figure 11.a shows trajectories with decaying oscillations. The time series converge
to their theoretical equilibrium (z∗, x∗, y∗) = (0.863, 0.257, 0.599). As we choose τ1
to be almost zero, we observe MLE < 0 and hence a similar situation as in Scenario
1. According to Figure 11.c and .d, m = 4 and τ = 5.

The Rosenstein algorithm, see Figure 12.a, shows a negative MLE of λ1 = −0.02.
A test of the Kantz and the Wolf algorithm showed similar results to Rosenstein.

Figure 11.b shows contracting orbits, which end up in a stable limit cycle at-
tractor, since λ1 ≈ 0. As DY-dim= 0 (see Table 3.6), the limit cycle attractor is
non-strange.

Given that MLE < 0 the system is predictable with an infinite future time
horizon Tp. The forecast plot in Figure 12.b matches this result. The error decreases
with increasing iteration steps.

7 Summary

This section summarizes and discusses the observations under each Scenario. Sce-
nario 1 represents a case, where τ1 = τ2 = 0. The absence of delay-interruptions
yielded a negative MLE, which leads to contracting trajectories towards the fix-point
attractor. The constant biomass flow from the resource into the population-stages
allows the mature to develop stable dynamics.

For Scenario 2, the dynamics underwent a limit cycle at τ1 = 1.2. We observed
constant oscillation in the immature and mature time series. MLE ≈ 0 indicates
that the ellipsoidal axes pi follow no particular trend. The system orbits evolve
therefore to a limit cycle attractor.

In Scenario 3, τ1 = 2. The system orbits drifted away from each other as MLE
> 0, resulting in a chaotic attractor. The chaotic time series caused the failure of
the bootstrap non-linearity test, see [52].
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Figure 11: Results of model analysis–Scenario 4
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Figure 12: Result of MLE-algorithm and Forecast–Scenario 4
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The ODE-setting in Scenario 4 leads to contracting system orbits, similar to
Scenario 1. This is because there is an uninterrupted stream of resource. We can in
addition observe an effect of the resource-growth function on the dynamics compared
to Scenario 1. Here the slower convergence of the resource-growth function, as b > a,
leads to a slower evolution of the matured stage. In contrast to Scenario 1, where
the dynamic was a fixed point attractor, the dynamic in Scenario 4 represents a
stable limit cycle.

8 Conclusion

The fact that the chosen resource-growth function in the numerical experiments
was converging, made the analysis and the interpretation easy. For a system with
non-converging resource-growth function, for example, a quadratic resource-growth
function, we might draw different conclusions and observe different dynamics.

The analysis also shows that only systems with a small delay-value, hence ODE-
models are stable and predictable, see also [29, 32]. On the contrary DDE-models
are often chaotic and therefore hardly predictable, see e.g. of [44]. The authors
of [44] state that DDE-models are chaotic, and representative of e.g. the Ruelle-
Takens-Newhouse (RTN) scenario, see [9, 18, 58]. The RTN scenario states that a
system transits into chaos after three bifurcations, i.e. fixed point–limit cycles–two-
tori–three-tori–chaos.

We observed from Scenario 1 and 4 that the resource-growth function deter-
mines, if the system converges to a fix-point attractor, if a = b or to another stable
attractor, if b > a, for fixed τ1 with τ1 sufficiently small. This first steps are similar
to the RTN scenario, see [44]. However, we missed the change into a torus attractor
and chaos for fixed τ1, as we did not put the emphasis on gradual changes of pa-
rameter value b, or on bifurcations. Moreover, this shows that small changes in the
resource-growth parameters have a marginal effect on the whole dynamics. Define
τ∗ as the delay value, where a limit cycle occurs. From tests with Scenario 4, i.e.
the ODE-system, we observed that for a = b, τ∗ = 1.2, while for b > a, τ∗ = 0.5.
For τ1 < τ∗, the system results in a stable attractor, while the case for τ1 ≥ τ∗

leads to an unstable attractor. It appears that τ∗ is the critical delay value, where
the system dynamic changes. This shows that the resource-growth parameter have
influence on the value of τ∗. However, as τ1 is fixed, a change in the τ∗-value can
easily lead to a change of the attraction set as τ∗ could become smaller or larger
than τ1. Thus, the resource function influences the value of τ∗ and therefore the
dynamics and stability of the system. As the critical delay value τ∗, at which the
system switches over into chaos can be very small, a discussion of the prediction
of a delay-system only makes sense when τ∗ is known and the system delay is less
then the critical value τ∗.

In [12], we found a similar result except that we considered a two-dimensional
transition to instability at the equilibrium points. This manuscript extends the
results in [12], by showing that resource-parameters and delays affect the system
predictability. The predictability horizon of the matures is linked to the transition
into chaos, with chaos indicating unpredictability.

The results are dependent on the MLE in determining the system dynamics and
predictability. This is because the algorithms for the MLE are more reliable than
those for the Lyapunov spectrum, see [20, 56]. We could confirm, for all four Sce-
narios, that the MLE described the dynamics better than the calculated Lyapunov
Spectrum, see Table 11. And as the MLEs and λ1 (in Table 11) did not coincide,
we concentrated on the MLE to avoid confusion. The only drawback with concen-
trating on the MLE is that the dynamical attraction set can be better classified
considering the whole spectrum, e.g. compare Table 2 and Table 1. Notably, if we
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had wanted to reconstruct the RTN scenario for changing parameter b and fixed
τ1, the Lyapunov spectrum would have made it easier to compare between a torus
attractor and chaos.

The analysis presented in this manuscript show that each ODE-based model
on population dynamics will fail to describe the correct dynamics of the system, if
delays are neglected.

9 Extension

Natural biological populations are characterized by population perturbations result-
ing from birth and harvest impulses. Together, these impulses will be expected to
affect the system trajectories and possibly predictability. In a sequel manuscript, I
shall examine the dynamics of S0 under perturbations.
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A Tables

Table 5: Nomenclature for the population model S0 in (3)

z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
y(t) ∈ R+ Biomass of mature population
t ∈ R Simulation time
z∗ ∈ R+ Equilibrium of the resource
x∗ ∈ R+ Equilibrium of the immature
y∗ ∈ R+ Equilibrium of the mature
τi ∈ R, i ∈ {1, 2} Time delays
f(z(t), θi), i = 2 Resource-growth-function (Holling-II function)
θ2 ∈ R Parameter-set of the resource-growth function f(z(t), θ2)
ax ∈ R+ Resource uptake rate of the immature population
µ ∈ (0, 1) Resource conversion rate into biomass
dx ∈ (0, 1),dy ∈ (0, 1) Mortality rate of x(t), y(t)
δ ∈ (0, 1) Maturation rate

Table 6: Numerical results of the Henon-map example from Section 4
Lyapunov Spectrum λ1 = 0.421 λ2 = −1.463

KY-Dim 1.288
MLE 0.421

Table 7: Exact values of the Henon-map (a = 1.4, b = 0.3), see [5, 46, 56]
Lyapunov Spectrum (correct values, [5]) λ1 = 0.408 λ2 = −1.620

KY-Dim 1.260
MLE (from [46]) 0.419

Note, that the MLE value was numerically calculated in [46]. It might therefore
be prone to errors in its calculation. That notwithstanding, it is good enough to
compare it with the correct values from [5], as well as with the results from the
illustrative examples. Further it shall be noticed that the exponents from Table
6 give better estimates to the correct values of the Lyapunov spectrum than the
polynomial fits in Table I on page 43, see [5].
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Table 8: Variable parameters used in the numerical experiments
Scenario 1 2 3 4

Variable parameter Sign/value

τ1 0.1 1.2 2 0.1
τ2 0.1 0.1 0.1 0.1

θ2 = {a, b} {2,2} {2,4}

Holling-II parameter a = b a < b

Table 9: Fixed parameters used in the numerical experiments
Parameter ax µ dx dy {z0, x0, y0} δ

Value 1.6 0.4 0.2 0.15 {2.0, 1.0, 0.5} 0.35

Table 10: The table presents the embedding dimension, D∗
E and optimal delay, τ ,

determined from the FNN- and MI-method
Scenario 1 2 3 4

Mature state Sign/value

D∗

E 4 3 3 4
τ 3 2 15 5

Table 11: Calculated Lyapunov spectrum for all scenarios. The dimension of Lya-
punov spectrum coincides with the embedding dimension DE∗ from Table 10

Mature state Sign/value
Scenarios Spectrum

1 0.1067 0.0174 -0.2942 -0.6485
2 0.0235 -0.1208 -0.4167 -
3 0.0729 -0.0503 -1.2596 -
4 0.03162 -0.0599 -0.7159 -1.2422

Table 12: Kaplan-York-dimension
Scenarios KY-Dimension (see Definition 3.6)

Mature state Sign/value

1 0 , as λ1 < 0
2 1 , as λ1 ≈ 0
3 2.0179 , as λ1 > 0
4 0 , as λ1 ≈ 0
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