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1 Introduction

Impulses are described as momentous occurring perturbations in a system. Such
perturbations occur in ecological, biological, physical, medical and numerous other
research fields [11]. Population-stage models under the effect of impulses are exam-
ined in e.g. [40], while [38] looks at a single-population-stage fisheries model with
birth and harvest instances. The authors in [5, 15] examined whether interrupted
and non-interrupted systems can have identical dynamics. It has been shown in [3]
and in [12], that large delay values lead to chaotic structures in the systems.

The mathematical description of an impulse equation consists of three parts,
[11],

1. A differential equation part,

dx

dt
= f(t, x), (1)

with continuous function f and domain variables t and x.

2. The second part describes the impulse direction and degree by an impulsive
function,

x(ti + 0) = x(ti) + I(x(ti)), i ∈ N, (2)

where ti, i ∈ N describe the impulsive events (see point 3. below), and I is the
impulse, which is continuous and defined in the phase space of the impulsive
system.

3. A third, impulsive event that can be defined beforehand or expressed as con-
secutive solutions of,

g(t, x(t)) = 0. (3)

Equation (1) can be replaced by a Delay-Differential Equation (DDE) or a Partial
Differential Equation (PDE) and these systems can be examined with respect to
theoretical attributes, stability or chaos, see [4, 15, 21, 22, 33, 34]. A large num-
ber of numerical algorithms and optimization schemes exist for solving impulsive
equations, see [8, 10, 30].

Recently, the popularity of Delay Differential Equations (DDEs) with Impulses
(IDDE) has increased, especially for biological and population dynamical prob-
lems, see, e.g. [41]. This is because delays occur naturally in biological systems,
such as in predator-prey systems [7, 36], where they influence system developments
with respect to repetitive and feedback cycles, stability and oscillation, [7, 18]. In
population models the effect of birth pulses has been studied in [35] and the au-
thors concluded that regular impulsive birth events can lead to chaos. Also [21]
considered the effect of periodically occurring impulses on biological systems, and
concluded that under certain parameter conditions, impulsive events can lead to
period-doubling cascade and to chaos. Others (like [42]) examined the effect of har-
vest impulses. In [14], the authors considered a deterministic model incorporating
birth-and harvest pulses. The effect of the impulses was examined using bifurcation
analysis. The authors concluded that birth events add complexity to the existing
system and that the population dynamics are affected by the timing of the harvest
impulses.

In the present manuscript we examine also the effect of birth and harvest im-
pulses. The analysis in this manuscript, however, does not focus on bifurcations
and the effect of the impulsive strength on the dynamics, such as in [14]. We con-
sider constant impulses and delays, and how these affect the predictability of the
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system. In particular, we investigate the role of delays for the predictability of
IDDE-systems. The analysis is linked to [12] in the sense that we adopt the same
equations for describing the dynamical system and the same model constants. Sim-
ilar to [12], we analyze the IDDE model using its time series. However, due to the
impulsive perturbations, we use a different computational scheme, where the delay
parameters for the analysis have to be adapted, and hence diverge from [12].

The report is organized in the following way. Section 2 describes the DDE-
system with birth-and harvest-impulses (IDDE) of a single-species, stage-structured
population and its resource function. The theoretical background for the analysis is
presented in Section 3. An illustrative example follows in Section 4. The numerical
experiments are then described in Section 5. Section 6 presents numerical results
and a classification scheme. Section 7 presents the main conclusions.

Tables referred to in the manuscript are presented in Appendix A.

2 Model Description

Throughout this work, we adopt the nomenclature in Table 12. The base-case model
S0 is given by equation (4),

S0 ≡







ż(t) = f(z(t), θ2)− axz(t)x(t),
ẋ(t) = µaxz(t− τ1) · x(t − τ1)− dxx(t)− δx(t),
ẏ(t) = −dyy(t) + δx(t− τ2),

(4)

with τ2 ≈ 0 and f(z(t), θ2) : R+ 7→ R+ is defined by (5),

f(z(t), θ2) =
az(t)

b+ z(t)
, (5)

where a = αb with a ∈ R+, b ∈ R+ and α ∈ R+. The resource-growth function
in (5) is known as the Holling-II function. The base-case-model S0 together with
f(z(t), θ2) in (5), correspond to the model in [12].

The impulse functions, which define the impulsive direction and degree according
to (2), are defined in equation (6), (7) and (8). The immature state x(t) is exposed
to birth-pulses,

x(k+) = x(k−) +R(Ny(k
−))y(k−), k ∈ Z, (6)

with IR := R(Ny)y(k) being the recruitment impulse function, which depends
on the total biomass of the matured population Ny.

The impulsive events on system S0 are defined beforehand by pulse step itera-
tions k ∈ Z+ and s ∈ Z+. In (6), k+ is the state, which occurs right after a birth
impulse, while k− indicates a state just before an impulse takes place. The change
in the immatures x(t), due to an impulse, is measured as the difference between the
pre- and post-pulse steps, IR = x(k+)− x(k−).

The population stages, x(t) and y(t), are harvested according to equation (2)
with harvest impulse ratio-functions.

x(s+) = x(s−) + hxx(s
−), s ∈ Z, (7)

y(s+) = y(s−) + hyy(s
−), s ∈ Z, . (8)

In (7) and (8), the state s+ occurs right after an harvest impulse, while s−

indicates a state just before an impulse takes place.
In this manuscript the harvest impulses for the im-/ and mature are defined

by Ix := hxx(s), hx ∈ (0, 1) and Iy := hyy(s), hy ∈ (0, 1), respectively. For the
recruitment impulse R(Ny), we consider,
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R(Ny) = be−Ny , (9)

The Ricker-function, see equation (9), has been implemented with a stochastic
component D, which can lead to functional shifts of the original graph, see Figure 1.
The red graph describes an ordinary Ricker-function. The blue lines are stochastic
realizations.
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Figure 1: Parameters used in the above figure: Ricker (b = 5, β = 0.1).

3 Theoretical Background

This section presents some basic definitions, which are necessary for understanding
the model analysis.

Let M denote a continuous phase space, typically R
n, and let t ∈ R be a

continuous time variable. Let φt be a function, φt : M 7→ M , from phase space
to phase space, for each time t. Then, x(t) = φt(x0) denotes the position of the
system at time t that started at x0, [23].

Definition 3.1. (Orbit or Trajectories) An orbit is a sequence of states that follow
from, or lead to an initial state x0.

• The forward orbit is the set of subsequent states T+
x ≡ {φt(x) : t ≥ 0}.

• The pre-orbit T−
x ≡ {φt(x) : t ≤ 0} is the set of sequent states that lead to the

initial state x0.

• The full orbit of a point x, Tx ≡ T+
x ∪ T−

x .

Example 3.1. An equilibrium Tx = x is the simplest orbit, see [23].

Definition 3.2. (Invariant Set) A set Λ is invariant under φt, if φt(Λ) = Λ, ∀ t.
That is, for each x ∈ Λ, φt(x) ∈ Λ, ∀t.

After [23], an periodic orbit is a special case of an invariant set.

Definition 3.3. (Periodic Orbits)
A periodic orbit is a closed loop, such that for each point x on the periodic orbit
there is a time T , at which the point returns to itself, i.e. φT (x) = x, see [23].
Orbits can be quasi-periodic, periodic or chaotic.
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Remark 3.1. (Stable/Unstable Periodic Orbits) See [6].

1. Periodic orbits are defined by periodic visits along some close trajectory, where
closeness is defined with respect to the neighborhood of the orbit.

2. There exist stable (SPO) and unstable (UPO) periodic orbits. For stable pe-
riodic orbits, the periodic cycling is stable, i.e. with time evolving, the system
trajectories visit all points in a close neighborhood of the periodic orbit and
stay there for an infinite time period. For unstable periodic orbits the periodic
cycling is unstable, i.e. with time evolving, the trajectory visits the points in
a close neighborhood of each of the periodic orbits and stays there for a finite
period of time, until the trajectory moves (randomly) to the next UPO.

3. Trajectories of dynamical systems classified as SPO or UPO are termed er-
godic.

Definition 3.4. (Chaos–Chaotic Attractor) A chaotic system is characterized by
(see [6]),

• its evolution being sensitively dependent on initial conditions.

• the chaotic attractor consisting of an infinite number of UPOs

• the dynamics in the attractor being ergodic (see Remark 3.1.2 and 3.1.3).

As UPOs present the skeleton of the chaotic attractor, they can also be used to
approximate the topological entropy (defined shortly), which provides better insight
into the underlying chaotic structure and the ergodic dynamics, [2, 3, 9, 16]. The
topological entropy measures the complexity and growth rate of all periodic orbits,
[20].

Definition 3.5. (Topological entropy, H0) The topological entropy of a dynamical
system is defined by (see [2]),

H0 = lim
p→∞

lnNp

p
, (10)

where Np is the number of periodic orbits, of period p.

However, we can define the p-th order approximates, Hp
0 , to formula (10) con-

sidering UPOs, see [2, 9],

H
p
0 =

lnNp

p
, (11)

with Np describing the number of p-order UPOs.
In [17, 39] basic characteristics of H0 in relation to chaos and Lyapunov expo-

nents are presented. The main statements are summarized in the following:

• The topological entropy H0 measures the complexity of motion, as it charac-
terizes the occurrence (exponential growth) of UPOs. Hence, Np ∝ eH0t with
Np describing the number of UPOs of period p.

• H0 > 0 indicates that the dynamical system is chaotic.

• If λ1 is the maximum Lyapunov exponent of a system, then H0 > λ1, i.e. the
topological entropy is an upper bound for the Lyapunov exponents.

More information about Chaos, UPOs and topological entropy can be found in
the literature cited above and in, e.g. [1, 19, 24, 32, 39].

In the next section, we derived the connection between unstable periodic orbits
(UPO), chaos, topological entropy and Lyapunov exponents.

It is a computational challenge to derive the topological entropy. Therefore, we
will calculate the Approximation Entropy (ApEn) for the perturbed system in the
numerical analysis.
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Approximate Entropy (ApEn)

Consider the m-th delay coordinator x(t) = {u(t), ..., u(t+m− 1)}, where u(t)Nt=1

is a time series, see [37]. The reconstructed phase space of the delay coordinator
is Xm(t) = {x(1), ..., x(n)} ∈ R

m, with n = N −m + 1. Then let xi(t) be the i-th
component of x ∈ R

m and let ||.||∞ be the usual L∞-norm on R
m, i.e. ||x||∞ =

max
i

|xi(t)|.

Denote, (see [37])

Φm(r) = −
1

|Xm|

∑

x∈Xm

log

(

|y ∈ Xm : ||x− y||∞ ≤ r|

|Xm|

)

, (12)

where r determines the distance between two data points, i.e. r is called the sim-
ilarity measure and specifies the filtering level. Note, that |Xm| := N − m + 1,

and |y∈Xm:||x−y||∞≤r|
|Xm| is the average of points x(i), i ∈ {1, ..., n}, which fulfill the

condition.

Definition 3.6. (ApEn)
The Approximate Entropy (ApEn) of N data points u(t) is defined by

ApEn(m, r,N) := Φm+1(r) − Φm(r), (13)

with ApEn(0, r, N) := Φ1(r) and X0 = {}, i.e. empty.

ApEn is a logarithmic likelihood, which estimates if regular patterns, which are
close for N observations in dimension m, are still close in dimension m + 1, [25,
27]. Hence, a greater likelihood results in a smaller ApEn-value, and indicates that
regular pattern remain close. A smaller likelihood results in a bigger ApEn-value,
and indicates that regular pattern do not stay close.

ApEn, furthermore, determines and distinguishes between the complexity of
data series, see Table 1, [25, 37].

Analyzing the system dynamic time series

To analyze the system dynamic time series, we present an evaluation scheme for the
ApEn-values.

Table 1: ApEn-values and their characteristic, [25, 27, 28]; (V)IREG: (very)
irregular, (Very)REG: (very) regular, REP: repetitive, (M)P: (Multi-) peri-
odic, R:random, L:linear, NL:non-linear, S:Stochastic, D:deterministic, (N)C:(non-
)chaotic, RW:random walk, CSP:Correlated stochastic process; NP:not-predictable,
ST:Short-term predictable, LT:Long-term predictable

Time series characteristics ApEn System Dynamics Predictability
Model Type value

(V)IREG and R >> 0 C NP
NL/S/RW high

(M)P > 0 (M)P ST
D, NL/C/CSP medium N(C)

(V)REG and REP = 0 or > 0 REG LT
L,D low

The algorithm for the computation of ApEn follows from Definition 3.6, while
the embedding dimension (DE∗), the filtering level (r) and the number of used data
points (N) have to be fixed in advance, see [26]. Note, that the ApEn procedure is
very sensitive to the embedding parameters DE∗ and τ . ApEn shows best validity,
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when the filter parameter r ∈ [0.1SD, 0.25SD], SD being the standard deviation
from the series considered. Furthermore, to derive good ApEn-values N > 1000,
[25].

Although, ApEn measures the similarity between data, but very often this sim-
ilarity is overestimated by algorithms, see [25, 28, 31] . Further, [31] states that the
ApEn algorithm yields inconsistent results and that results depend on the length
of the data series, and the algorithm is highly sensitive to outliers, [28, 31].

Given the caveats of the ApEn algorithm [26], a Base Case is needed against
which other results can be calibrated and interpreted. As Base Case, we use the
unperturbed DDE-system S0, see Section 6.1. As recommended in literature, we
will evaluate the ApEn algorithm over the filter range r ∈ [0.1SD, 0.2SD] to derive
valid results.

In order to analyze, if and how the attractor changes due to perturbations,
we will determine and plot the unstable periodic orbits (UPO) of the time series.
Furthermore, the Approximate Entropy (ApEn) is calculated for each case in the
scenarios to analyze the data structure, which results from the perturbed system.

The next example applies the methods of UPOs and ApEn to the Henon map
from Example 3.1 in [12].

4 Illustrative Example-Henon-map

In this example, using the Henon-map with parameter (a = 1.4, b = 0.3), we calcu-
late the number of UPOs, Np, and place their position in the attractor, as well as,
determine the ApEn-values.

For this particular example, we calculate the following number of UPOs: N1 =
1, N2 = 1, N6 = 2, N8 = 6. In Figure 2.a, one can see the position of the UPOs
embedded in the attractor, as well as, the ApEn process for this map, in Figure 2.b.
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a. Henon attractor with embedded UPOs b. ApEn-process for the Henon map

Figure 2: Henon attractor with UPOs embedded and ApEn-plot

Table 2: ApEn-statistics
Statistic Value

mean 0.2460
SD 0.7287

ApEn ∈ [0.6, 1.0]

From Figure 2.a, we observe that the Henon map has several, and multi-periodic
UPOs. The ApEn-value in the range r ∈ [0.1SD, 0.2SD] is positive and quiet large,
see Table 2. The high ApEn-values indicate irregularity, according to Table 1. Based
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on the multiple and multi-periodic UPOs, we conclude that the map is chaotic, and
hence not predictable.

In Example 3.1 in [12], we calculated a positive MLE and an increasing forecast
error for the Henon-map, which lead to the same conclusion.

5 Numerical Experiments

The numerical experiments of the perturbed system are divided into three Scenarios,
according to birth, harvest and birth-harvest impulses, see Table 3. Each Scenario
consists further of four sub-cases, which are defined based on the delay value τ1,
see Table 4. While we consider two situations of impulsive frequency, we keep the
strength of the impulses constant, see Table 5. For the fixed-parameter-values see
the Tables 13 and 14 in Appendix A.

Table 3: Impulse Scenarios for the numerical experiments
Scenario Impulse

1 Birth (Ricker)
2 Harvest
3 Birth and Harvest

Table 4: Sub-cases of each Scenario defined after the size of delay-value τ1
Case I II III IV

τ1 0.1 0.4 0.5 0.63

Table 5: Impulse-strength and -frequency used in the numerical experiments
Sub-case a b

fI 1 4
(Impulse frequency) (high fI) (low fI)

Impulse Parameter Strength (constant)

Birth (b, β) (3.8, 4)
Harvest (hx, hy) (0.9, 0.8)

The analysis of the impulsive model S0 is based partly on the numerical tools,
which were applied in [12]. These include the maximum Lyapunov exponents
(MLE), Kaplan-York (KY)-dimension and forecast errors, which were used in order
to make inference about system predictability. The MLE indicates the sensitivity
of the dynamical system to initial conditions, while the forecast error is indicative
of how much neighboring trajectories will diverge from the actual system trajectory
in future iteration steps.

In the following experiments, we will extend the analysis by considering UPOs
and ApEn. The concept of UPOs provides a method to tell how random the motion
on the attractor is, as a function of the number of UPOs. This random walk from
UPO to UPO, will result in a stochastic process. Randomness of time series provides
another measure for chaos and, hence predictability, see [29]. We, further, want to
connect the occurrence of impulsive perturbations to the motion on the attractor
(UPOs) and to the irregularity of time series, measured with the ApEn-algorithm.
We shall evaluate the ApEn-values for r ∈ [0.1SD, 0.2SD], and compare the time-
series complexity based on the ApEn-value for r = 0.2SD.
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This concept leads to the following steps, which will be applied to the different
cases of the scenarios, in order to analyze the effect of perturbations on the system
predictability, attractor and time series regularity:

• Forecast errors and MLEs

• Unstable periodic orbits (UPOs)

• Approximate Entropy (ApEn)

The results, from the forecast errors and the MLEs will be merged with the number
of UPOs and the ApEn-values of the perturbed system in each sub-case. We inter-
pret the UPO- and ApEn-results with respect to the Classification scheme based
on the Base Case, and to be defined in Section 6.2 and Table 1.

A comparison with the Base Case will allow us to make inference about the
effect of impulses on the dynamics.

6 Results

This section presents the results of the Base Case-the DDE system S0, a Classifica-
tion scheme for Np and the ApEn-values, which serves as reference for the perturbed
system.

6.1 Base Case

In [12] it was shown that the system S0 is predictable for τ1 ≈ 0 with MLE < 0. For
τ1 ≈ 0.5 and MLE = 0, the system exhibits short-term predictability. The system
was unpredictable, when τ1 = 1.2, and the MLE > 0.

This manuscript does not use the same τ1-values as in [12]. This is because the
impulses call for an implementation scheme with a different maximal τ1-value than
in [12]. This might also apply to the critical value τ∗ for τ1, at which the system
transits into chaos.

In this paper, we are looking at the effect of impulses on

• a stable system, for τ1 < τ∗,

• an oscillating system, for τ1 = τ∗,

• a chaotic system, for τ1 > τ∗.

The unperturbed model S0 from [12] is extended to match all four sub-cases from
Table 4 and is used to set up a Classification scheme based on Np and ApEn-values.

We first analyze the unperturbed system S0 in terms of the steps from Section 5.
We present the embedding parameters (DE∗ , τ), forecast errors (at 500th iteration
step), and MLEs in Table 6, that in addition summarizes also , Np, and the period
p of UPOs for all four sub-cases from Table 4. Table 6 shows the ApEn-values for
the filtering level r ∈ [0.1SD, 0.2SD].

• For Case I and Case II, we calculate maximal two period-1 UPOs, with very
low ApEn-values, i.e. maximal ApEn = 0.05. The forecast error converges
to 0 in Case I and MLE < 0. In case II, the forecast error is converging
from above to 0.3 and we calculate a MLE = 0. These observations indicate
predictability of the system.

• For Case III, we observe one period-1 UPO with regular time series, as ApEn
< 0.1. The MLE = 0 and the forecast error converges to an error of 0.9. The
time series is therefore predictable, but one has to take a certain prediction
error into account.
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Table 6: Base Case Analysis
Base Case

Case I II III IV

τ 6 8 15 10
D∗

E 5 9 8 6
p 1 1 1 1
Np 2 1 1 3

Forecast error 0 0.3 0.9 1.2
MLE < 0 ≈ 0 ≈ 0 > 0

mean 0.1177 0.1251 0.1536 0.2077
SD 0.0957 0.1149 0.1552 0.2424

ApEn∈ [0.0458, 0.03] [0.00] [0, 0.008] [0.1, 0.15]
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Figure 3: Base Case–ApEn-process
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• For Case IV, we observe a multiple number (i.e. 3) of UPOs of period-1 and
ApEn-values of [0.1, 0.15]. The multiple UPOs indicate chaos. However the
ApEn-value is rather low, even though its value increased much compared
to the other cases. Due to MLE > 0 and a constantly increasing forecast
error, we infer that the series is unpredictable. It seems that the occurrence
of multiple UPOs and more irregular time series, are connected to chaotic
behavior, which develops under the maximal delay.

6.2 Classification scheme

In Table 7 a classification scheme is set-up, based on the observations and results
of the unperturbed system in Section 6.1. This scheme will be used to interpret the
results of the perturbed system based on Np and ApEn-values. The classification is
influenced by Table 1.

Table 7: Classification scheme developed under the Base Case; (V) IREG: (very)
irregular, (Very) REG: (very) regular, REP: repetitive, (M) P: (Multi-) peri-
odic, R:random, L:linear, NL:non-linear, S:Stochastic, D:deterministic, (N)C:(non-)
chaotic, RW:random walk, CSP:Correlated stochastic process
Time series character ApEn-threshold Number UPOs Inference Predictable

(V)IREG, R ApEn> 0.1 Np >2 C/(M)P No
(M)P ApEn< 0.2 max(Np) = 2 (M)P/(N)C Short-term

(V)REG, REP ApEn< 0.1 Np ≤ 2 REG Yes

6.3 Results from Scenarios

The main results are shown in Tables 9, 10 and 11 for, respectively, Scenario 1,
Scenario 2 and Scenario 3.

For the impulse-frequencies, we use the following notation throughout the rest
of the manuscript:

• Impulse frequency := fI .

• System perturbation with many perturbations is denoted by case–a, and few
perturbations indicate case–b from Table 5.

Some phase space plots are presented in the next section.
An arbitrary number of plots is presented. For consistency, we will present the

time series of the perturbed system, and the forecast error graphs, as well as the
attractors with the embedded UPOs for only Case I of each Scenario. We use the
following designation and labels for the UPOs:

Table 8: UPO-classification
period-p of UPO Label

period-one UPO fixed point
period-two UPO period two
period-six UPO period 6
period-eight UPO period 8

Scenario 1

Table 9 summarizes all results concerning the event of birth impulses. The Lyapunov
spectra and the KY-dimension are presented in Appendix A in Table 15.
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Figure 4: Reconstructed phase spaces–Scenario 1

Table 9: Results–Numerical experiments–Scenario 1
Scenario 1 I-a I-b II-a II-b

τ 5 5 7 8
DE∗ 5 13 4 4
p 1 1 1 1
Np 2 1 2 2
MLE λ1 < 0 λ1 < 0 λ1 ≤ 0 λ1 ≤ 0

Forecast Error 0.1 0.0 0.23 0.21

mean 0.999 0.1012 0.1034 0.1041
SD 0.0491 0.0541 0.0661 0.0685

ApEn∈ [0.038, 0.03] [0.04, 0.005] [0.09, 0.073] [0.075, 0.055]

Scenario 1 III-a III-b IV-a IV-b

τ 11 13 10 10
DE∗ 5 5 6 6
p 8 and 1 8 and 1 1 1
Np 1 and 3 1 and 1 10 8
MLE λ1 ≥ 0 λ1 ≥ 0 λ1 > 0 λ1 > 0

Forecast Error 0.85 0.75 0.7 0.69

mean 0.1246 0.1270 0.2160 0.2141
SD 0.1224 0.1247 0.3242 0.3190

ApEn∈ [0.16, 0.225] [0.13, 0.16] [0.382, 0.355] [0.366, 0.356]
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Figure 5: Case I–a: Comparing the effect of multiple birth-events given τ1 = 0.1.

The effect of different fI can be seen in the time series plots in Figure 5 in the
expression of irregular peaks.

Furthermore, we can observe that high fI amplifies the long-term forecast error.
The forecast error for both, low fI (case–b) and high fI (case–a), converge to a value
near zero. However, in case–a, the forecast error is higher than in the unperturbed
system. The forecast error in case–b converges to zero and the MLEs < 0.

The number of UPOs did not change compared to the unperturbed system,
see Table 6. We have two UPOs of period-one. Table 9 shows very low standard
deviations for case–a and –b, which result in almost zero ApEn-values. At r =
0.2SD the ApEn-value is 0.03 for high fI and 0.005 for low fI . The time series
structure became more regular than in the unperturbed system, see Table 6. The
ApEn-value for the low fI is higher, than for the high fI . The higher fI leads thus
to a stronger regulation of the time series in combination with the small delay value.
Furthermore, due to the low number of period-1 UPOs, the motion of the attractor
stays stable. This is consistent with the low ApEn-values and hence the regular
time series. It seems that impulses do not perturb an already stable system under
small delay values.

Case I is therefore predictable, which is consistent with the observation of the
MLE and forecast error for this case.

Case-II

From the phase space reconstruction, we observe a stable limit cycle attractor.
However, it seems the dynamics jump from one trajectory branch to another.
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The forecast errors are 0.23 in case–a and 0.21 in case–b. The forecast error for
high fI is larger than for low fI . Both error graphs decrease and converge towards
zero. The MLEs ≈ 0.

The standard deviations increased compared to Case I and to the Base Case.
This reflects in higher ApEn-value of 0.073 at r = 0.2SD for high fI , and 0.055 for
low fI . The number of UPOs increased from one period-1 UPOs to two period-1
UPOs. This increase in the number of UPO seems to show an effect on the time
series regularity structure, as the increased ApEn-value suggest. Nevertheless, the
system is still predictable, due to the classification Table 7. This is consistent with
the MLEs and forecast errors.

We can see that even though τ1 < τ∗, the impulses have impact on the UPOs and
the data regularity. The time series is, however, slightly affected by the impulses.

Case-III

In this case the delay value seems to reach a critical point τ∗, to where the system
can stabilize, with help of a bounded delay under perturbations, as case I and II
showed. We observe MLE ≥ 0, which coincides with the stronger increase of the
forecast errors. In case–a we observe convergence to 0.85 and in case–b to 0.75,
which is smaller than for the Base Case.

It is interesting that for τ1 = 0.5, multi-periodic (8, 16, 32) UPOs occur. In
addition, we derive three period-1 UPOs in case–a and one period-1 UPO in case–
b, see Table 9. This shows that high fI leads to faster motion on the attractor,
as double as many UPOs occur than for low fI . The larger delay values make the
system, probably, more influential to impulses. This is consistent with the standard
deviation of the series. In case–a, we calculate at r = 0.2SD an ApEn = 0.225,
which indicates quite irregular behavior in the time series. In case–b, we calculate
at r = 0.2SD an ApEn-value = 0.16. The ApEn-value in case–b, together with
the bounded number of UPOs, indicates that the series is short-term predictable,
according to Table 7. However, case–a is not predictable. It seems that under
larger delay values and stronger fI of the birth impulses, a larger number of UPOs
and more irregular time series pattern occur. In the long-term, both series are not
predictable, which coincides with the forecast errors and the MLE-sign.

Case-IV

As τ1 reaches its maximum, we observe an increase of N1, respectively, to 8 and
10 for low fI and high fI . High fI leads to a faster expansion of UPOs on the
attractor.

MLEs> 0 and the increasing forecast errors are consistent with the large number
of UPOs. The forecast error for high fI is larger than for low fI . The value of the
standard deviation increased compared to Case III, and to the Base Case, see Table
7. This increase is consistent with the increase in ApEn-values. At r = 0.2SD,
ApEn = 0.355 for high fI and for the low fI , ApEn = 0.356 at r = 0.2SD. We
conclude very irregular time series behavior, and hence unpredictable.

For τ1 = 0.63, the system was chaotic, before the impulses occurred. However,
under the effect of impulses the number of UPOs increased from 3 to 10 and 8,
respectively. At the same time, the irregularity in the time series enlarged. Hence,
we observe an influence of the impulses under large delay values in the sense that
the system becomes more chaotic .
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Summary–Scenario 1

Systems subjected to birth impulses seem predictable, as long as the delay in food
conversion (τ1) is smaller than a critical delay value, τ1 < τ∗. For this particular
example τ∗ = 0.5. For τ1 > τ∗ impulses lead the system into more complex attractor
and time series structures, together with a faster transition into chaos, depending
on the delay value. The fI and the strength of birth events also have an impact on
the dynamical evolution and time series pattern.

The results in Table 15 show that all attractors become strange under birth-
perturbations. In the phase plots, we observe sudden jumps from one trajectory
branch onto another.

Higher fI together with large delay values, move an attractor faster into chaos,
i.e. increase Np or p, and hence destroy dynamical predictability faster, while small
delays can stabilize a system under perturbations, as shown in Case I and II. The
value of fI shows an effect on the attractor, as well as in the time series regularity.

Impulses together with very small delays, regulate time series, while larger or
increasing delay values increase the irregularity of data due to the impulses. In-
dependent of whether the data has been oscillatory or chaotic, impulses seem to
increase the irregularity for τ1 ≥ τ∗.

We showed that birth impulses affect the system attractor and the series pattern
differently depending on the delay values. Hence, the delay size seems to play an
important role on the dynamical evolution of the system. From the results, one
could observe a kind of consistency between the number of UPOs and the size of
the ApEn-values.

The observations raise two issues:

• Whether time series pattern (i.e. ApEn) are affected by an increased number
of UPOs, or

• Whether changes in ApEn-value and number of UPOs are independent of each
other, and depend each only on the effect of impulses and delays.

Scenario 2

Table 10 summarizes all important observations concerning the harvest impulses.
The Lyapunov spectra and the KY-dimension are presented in Appendix A in Table
16.

Case-I

The different fI lead to different behaviors in the time series in Figure 7. The
number of impulsive peaks is the same, while the duration of the perturbations are
varying, longer for high fI and shorter for low fI .

In Figure 6, we see that the trajectories spiral to a fix point and then jump onto
an outer orbit, to then, spiral in again. The MLE < 0 or = 0 depending on the
methodology used, see Table 10. The forecast errors increase and converge to 0.57
for high fI and to 0.62 for low fI . The number UPOs does not increase or decrease
under perturbations compared to the Base Case, see Table 6. The attractor is
not-strange, see Table 16 in Appendix A.

The standard deviations are very low, which is consistent with ApEn = 0.081
in case–a and ApEn = 0.0405 in case–b at r = 0.2SD. The small delay τ1 seems to
stabilize the system against perturbations, and hence we conclude that the system
is predictable.
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Table 10: Results–Numerical experiments
Scenario 2 I-a I-b II-a II-b

τ 6 5 6 5
DE∗ 10 10 5 5
p 1 1 1 1
Np 1 1 1 1
MLE λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0

Forecast Error 0.54 0.62 0.74 0.74

mean 0.0984 0.0964 0.1030 0.0993
SD 0.0521 0.0393 0.0702 0.0546

ApEn∈ [0.087, 0.0815] [0.0405, 0.0406] [0.1, 0.18] [0.103, 0.135]

Scenario 2 III-a III-b IV-a IV-b

τ 15 11 10 10
DE∗ 5 5 6 8
p 1 1 1 1
Np 3 3 7 9
MLE λ1 ≥ 0 λ1 ≥ 0 λ1 > 0 λ1 > 0

Forecast Error 1 0.8 0.8 0.58

mean 0.1460 0.1248 0.2149 0.2214
SD 0.1529 0.1221 0.3197 0.3430

ApEn∈ [0.12, 0.22] [0.19, 0.235] [0.3, 0.313] [0.29, 0.33]
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Figure 6: Reconstructed phase spaces–Scenario 2
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Figure 7: Case I–b: Comparing the effect of multiple harvest-events given τ1 = 0.1.

Case-II

Similar to Case I, we observe that the trajectory jumps from an inner to an outer
branch. The time series for case–a and –b follow a similar periodic structure.

Both forecast error plots show nearly the same graphs, where both converge
to 0.74. The number and period of the UPOs in the unperturbed and perturbed
system are equal. This small number of period-1 UPOs, let us suggest that the
attractor is non-chaotic, even though it is strange, see Table 16. Hence, for τ1 = 0.4
the perturbations do not change the attractor skeleton.

The standard deviation increased with harvest impulses, but the series pattern
appear regular due to the ApEn-values. For high fI , ApEn = 0.18 at r = 0.2SD,
while for low fI , ApEn = 0.1.

Again the predictability due to Np and the ApEn-values for τ1 = 0.4, is consis-
tent with the MLEs and the forecast errors, which converge in the long run.

Case-III

The impulsive peaks seems to be more regular for high fI , than they are for low fI .
Further, the forecast errors are increasing and converging to 1 and 0.8. The MLEs
> 0. In the phase space, we observe a trajectory jump from an inner orbit to an
outer orbit.

Table 16 shows that the attractor in case–a is not-strange, while the attractor
in case–b is strange.

Under harvest impulses N1 = 3 for both, high fI and low fI . The ApEn > 0.2
at r = 0.2SD. From Table 6, we might conclude that the system dynamics is
multi-periodic or even chaotic.
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For τ1 = 0.5 and under harvest impulses, the system is not predictable. This
fits well together with the MLE and the forecast errors.

Case-IV

We observe different time series for the high fI and the low fI . In the phase space
plots (Figure 6) we can see that the trajectories jump between different bands,
while the trajectory seem to move outwards. The forecast errors are increasing
with increasing iterations. The MLEs > 0.

In case–a, N1 = 7 and in case–b, N1 = 9. The attractors are strange, see Table
16. The multiple UPOs indicate that the motion on the attractor increases with
harvest perturbations for τ1 = 0.63. The already chaotic system becomes more
chaotic.

The standard deviation increases for case–a and case–b, and thus also the ApEn-
values. In both cases, ApEn > 0.3. This shows a clear irregular, chaotic time series,
which is not predictable. Again high delay values seem to make the system and its
time series more vulnerable for destruction by impulses.

Summary–Scenario 2

This particular study shows that the system is predictable, as long as, τ1 < τ∗ = 0.5.
Impulses lead the system into more complex structures, which consequently lead to
faster chaotic behavior, depending on the delay value.

The results in Table 16 show that not all the attractors become strange under
harvest perturbations. In the phase plots we observe sudden jumps between different
orbits, while the time series in Case I, II and III appear to be periodic or multi-
periodic.

The impulses seem to destabilize the attractor, which shows an increase in Np

for τ1 > 0.5. Also the series pattern become irregular.
However, the external influences lead in almost all cases to an increase in the

forecast error. Under bounded delay values, i.e. τ1 < τ∗, the forecast errors con-
verged to fixed numbers.

The impulsive perturbations affected the strangeness of the attractor dependent
on the delay value. Similar to the birth impulses, harvest impulses under large delay
values deregulate the system, while impulses under small delay values help stabilize
it. This destabilizing, respectively, stabilizing effect are reflected in the number of
UPOs and the size of the ApEn-values.

A clear difference in the effect of high fI and low fI on the system could be
observed in the forecast errors and in the ApEn-values.

The effect of impulses however, depends very much on the size of the delays,
given constant impulsive strength. Harvest impulses seem however, to have a
stronger effect on series regularity than birth impulses, as their ApEn-values were
higher on average.

Summary–Scenario 1 (Birth) vs. 2 (Harvest)

We can observe a difference in the dynamics, which are interrupted by birth or by
harvest impulses. Birth is an internal impulse, while harvest is external.

The MLEs of birth interrupted series is fuzzy, but shows a trend. Further, there
are no jumps between different orbital levels in the birth impulses. For τ1 < τ∗ the
forecast errors in Scenario 1 decrease, while the forecast error in Scenario 2 increases
and finally converge. For internal impulses the attractor is more likely to be strange
than for external interruptions. We also observed that under internal impulses more
UPOs occur-in number, but also in multi-periodicity. Even though there might be
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several period-1 UPOs, as well as multi-period UPOs, the birth interrupted time
series seem less irregular due to lower ApEn-value.

Harvest impulses on the other hand show on average, higher ApEn-values, which
result in more irregular and periodic time series. For harvest impulses, we observe
only multi period-1 UPOs. The harvest impulses lead to higher ApEn-values and to
larger forecast errors. It seems that harvest perturbations lead faster, i.e. for smaller
delay values, to chaotic dynamics, while due to the multi-periodic UPOs, which
occur under birth impulses, the dynamics seem to become rather multi-periodic,
before they move into chaos.

The results show that the number of UPOs occuring, are very dependent on the
delay-size, the impulse type and impulsive frequency. The impulse frequency seems
to affect the trajectory convergence, as well as the forecast error. Dependent on the
impulse type, the fI affects also the trajectory evolution, e.g. impulsive peaks in
time series.

However, beside these differences, the following aspects are similar:

• For τ1 < τ∗, the number of UPOs and their period is low, i.e. does not increase
exponentially. Hence, we can assume that H0 ≈ 0, which has the effect that
the MLEs ≤ 0. We have stable and non-chaotic systems in this case, which is
therefore predictable. Under perturbations the time series data becomes even
more regular (ApEn).

• For τ1 = τ∗, we observe a low number of multiple period-1, as well as, multi-
period UPOs. Incorporating other criteria, like forecast errors or MLEs, we
might conclude that the series are either multi-periodic or chaotic, and hence
in both cases, not predictable.

• For τ1 > τ∗ the number of UPOs is large, i.e. does increase exponentially.
Hence, we can assume that H0 > 0, and that the system is chaotic and not
predictable. The time series become quite irregular.

For the predictability of the system under impulses, the delay-sizes play the
major role. The time series structure, as well as the attractor skeleton of the
perturbed systems change depend on delays. The effect of fI can be observed in
the forecast errors and ApEn-values. The impulse type has influence on the forecast
errors, i.e. if its graph is decaying, or increasing.

In reality, species convert food into biomass with a certain time delay τ1. The
analysis indicates that the dynamics of species with high conversion rates, i.e. τ1 <

τ∗, can be predicted. In contrast, for species with τ1 > τ∗, the dynamics may not
be predictable, and the system is more sensitive to impulses.

After the comparison between birth and harvest impulses, we will look at the
effect of a combination of these impulse-types–in Scenario 3.

Scenario 3

Case-I

The time series for high fI show more periodic peaks than the series for low fI ,
see Figure 9. Considering the phase plot in Figure 8.i, we observe that this plot
resembles the phase structure from Scenario 2. The closeness of the trajectories
around the fixed point however resemble the structure of the phase in Scenario 1.

The MLEs < 0 or = 0. The forecast error for case–a is 0.6, and for case–b, 0.47.
The rather high forecast errors indicate a lack of predictability, while its convergence
is indicative of the system predictability.

Further, there is one UPO with period-1, respectively for high fI and low fI .
The standard deviation of the series is very low, which results in ApEn = 0.06 for
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Table 11: Results–Numerical experiments
Scenario 3 I-a I-b II-a II-b

τ 6 6 6 5
DE∗ 8 9 5 5
p 1 1 1 1
Np 1 1 1 1
MLE λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0 λ1 ≤ 0

Forecast Error 0.6 0.47 0.67 0.55

mean 0.0989 0.0996 0.1027 0.1031
SD 0.0156 0.0515 0.0681 0.0675

ApEn∈ [0.055, 0.06] [0.046, 0.038] [0.105, 0.14] [0.058, 0.105]

Scenario 3 III-a III-b IV-a IV-b

τ 13 11 10 10
DE∗ 6 5 7 5
p 1 1 1 1
Np 3 4 9 9
MLE λ1 ≥ 0 λ1 > 0 λ1 > 0 λ1 > 0

Forecast Error 0.95 0.88 0.7 0.73

mean 0.1327 0.1310 0.2204 0.2197
SD 0.1356 0.1311 0.3405 0.3331

ApEn∈ [0.14, 0.19] [0.133, 0.2] [0.335, 0.33] [0.443, 0.418]
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Figure 8: Reconstructed phase spaces–Scenario 3
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Figure 9: Case I–b: Comparing the effect of multiple birth- and harvest events
given τ1 = 0.1.
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r = 0.2SD for high fI and, ApEn = 0.038 for low fI . The system exhibits regular
patterns under impulses and small delay values, and is therefore predictable. This
is consistent with the conclusions we drew from the MLE and forecast errors.

Case-II

We observe more disruptions in the series with high fI than in the one with low fI .
The phase plot seems to be a mix of the harvest and the birth-phase space plot in
Figure 8.ii and the MLEs ≤ 0. The forecast errors are 0.67 in case–a and 0.55 in
case–b.

The number and period of UPOs did not change compared to the unperturbed
situation. This low number of UPOs, fits together with the low standard deviation
of the series and the low ApEn-values, which are 0.14 at r = 0.2SD for high fI ,
and 0.105 at r = 0.2SD for low fI . The low ApEn-values and Np, suggests that
the series are regular and hence predictable albeit with high forecast errors.

Case-III

Here, as previously, the effect of different fI can be spotted in the time series plots.
The MLE ≥ 0, and the forecast errors converge to 0.9 for high fI and to 0.88

for low fI . Compared to the Base Case, as well as Scenario 2, the forecast error
does not seem to be much affected by doubling the frequency of impulses.

We observed N1 = 3 and N1 = 4, receptively, for the high fI and the low fI .
We calculate ApEn = 0.19 at r = 0.2SD in case–a, and ApEn = 0.2 in case–b.

From Table 6, we can conclude that the system is not predictable, which is
consistent with the high forecast errors and the MLEs.

Case-IV

The attractor seems to follow the structure of the phase plot from Scenario 1, except
that more trajectory bands evolve. A jump between different band-levels could be
possible, but can not be spotted in the plots, see Figure 8.iv. The large number of
interruptions seem to make the attractor very dense on the bands but lose otherwise.

The MLE > 0, and the forecast error seem to increase with further iterations
without converging.

It is N1 = 9 for high fI and low fI . The standard deviations are rather high.
At r = 0.2SD, we find for case–a, ApEn = 0.33 and for case–b, ApEn = 0.418. The
greater irregularity in the low fI-case, seems to match the faster increases in the
forecast error, compared to high fI .

The system becomes more chaotic, compared to the Base Case and is hence,
also unpredictable.

Summary–Scenario 3

Examining the results from Scenario 3, we did not see a faster transition into chaos,
even though the number of interruptions has been doubled, when the birth -and
harvest impulses have been merged. We can observe that, by mixing the impulse
types, the impulsive effect on the dynamics, in terms of ApEn-values and UPOs,
balance between the effects of Scenario 1 and 2, for certain delay values. The
predictability of the system of Scenario 3 seems more strongly dependent on the
delay size than on fI . Hence, an increase in impulse frequencies does not necessarily
yield a stronger effect on the dynamics under constant impulsive strength. Impulsive
effects depends on the impulsive type, and the delay values.

Only under the maximal delay value in case IV, we observe a marginal increase
in the ApEn-value due to the increase in fI , but not in Np. The number of UPOs,
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which occur under impulses, is strongly linked to the delay size. The increase in
UPOs for τ1 ≥ τ∗, compared to the Base Case, seem to be caused by the impulsive
interruptions.

However, an increase in fI , under an fixed τ1-value, does not necessarily let new
UPOs occur. This is probably also dependent on the impulsive type, its strength,
and how impulses are implemented and react with the system S0. Under constant
conditions (e.g. delay value, impulsive strength, types, frequency, implementation,
etc.), it seems that there is a limit, to where an increase in impulse frequency shows
an effect on the UPOs in the attractor. The ApEn-values of a system with τ1 > τ∗,
seem to react, to an increase of the impulsive frequency, under otherwise constant
conditions. But, for τ1 ≤ τ∗, the ApEn-values lie in-between the minimal and
maximal values of the single impulses.

7 Conclusion

With respect to the Base Case model, the ApEn results and the number of UPOs
lead to consistent results, with the MLE and forecast errors, concerning predictabil-
ity. We observed that the irregularity, i.e. high ApEn value, in time series is syn-
chronous to the occurrence of UPOs, as both instances are very dependent on the
delay values. UPOs seem to depend on the impulsive type and the delay value,
but less on the impulsive frequency, while the ApEn-value seems to increase with
an increase in the impulse frequency and in the delay of biomass conversion (τ1).
The ApEn-values are different for birth, harvest and birth-harvest impulses, hence
its value depends also on the impulsive type. A connection between Np and the
size of the ApEn-value is also possible. Predictability seems to be connected to the
delay size. As in [13] and [12], we could separate the dynamics into predictable and
unpredictable dependent on a critical τ∗-value.

The predictability of the particular system under impulses depends on the delay
value.

It has been observed that chaotic time series are connected to large time de-
lays. Periodic and multi-periodic series, with medium delay size are short term
predictable, while very regular series, which are consistent with small delay values,
are predictable. To make inference about predictability of IDDE systems, the reg-
ularity and the structure of the system attractor need to be considered, if delay
values are unknown.

The authors in [35] found out that stronger impulsive strength leads to faster
movement into chaos. In my analysis, I observed that the size of delays is connected
to the dynamical behavior. While the impulsive strength was constant in the par-
ticular case, we could relate large delays to chaos, and small delays to stability.
However, we can imply from [35] that delay values of a system under increasing
impulsive strength must be decreasing to maintain stability. Hence, under stronger
impulses dynamical systems become chaotic for smaller delays.

It seemed that the system reaches, dependent on the delay, a maximal amount
of irregularity, given an impulsive frequency. When the maximal frequency has been
reached, further interruption did not show an effect on the examined instances.

Of all examined effects, it seemed that the delay size is the most important
instance for dynamics of IDDE systems. The delay size dictates the motion on the
attractor and the pattern of the time series, and hence predictability.

The time a species needs to convert food into biomass appears to determine the
population dynamics and its predictability. In reality this delay can naturally be
increased by the time a species needs to search for resource or compete with other
species for the same resource. In this work, we assumed that there is always food
available, thus issues such as food-competition, have not been considered.
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We have assumed that the strength of birth impulses is independent of popu-
lation size. We observed however that stronger birth events lead to more complex
dynamics. Thus, large populations have probably a stronger birth strength and,
therefore exhibit rather chaotic behavior.

Natural situations are much more complex than the cases assumed in this
manuscript. It would therefore not be surprising that, in reality, delay times are
larger, in the sense that τ1 > τ∗. This however means that natural populations may
be chaotic under birth and harvest impulses and, therefore not predictable.

All results and conclusions, which were drawn in the course of this manuscript,
are highly connected to the particular model and the particular set of parameters.
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A Tables

Table 12: Nomenclature for the population model S0 in (4)
z(t) ∈ R+ Resource biomass
x(t) ∈ R+ Biomass of immature population
y(t) ∈ R+ Biomass of mature population
t ∈ R Simulation time
τi ∈ R, i ∈ {1, 2} Time delays
f(z(t), θi), i = 2 Resource-growth-function (Holling-II function)
θ2 ∈ R Parameter-set of the resource-growth function f(z(t), θ2)
ax ∈ R+ Resource uptake rate of the immature population
µ ∈ (0, 1) Resource conversion rate into biomass
dx ∈ (0, 1), dy ∈ (0, 1) Mortality rate of x(t), y(t)
δ ∈ (0, 1) Maturation rate
IR Recruitment impulse on the immature population x(t)
Ix, Iy Harvest impulses on the im-/and mature populations , x(t), y(t)

Table 13: Scenario-cases used in the numerical experiments
Scenario-case I II III IV

Variable parameter Sign/value

τ1 0.1 0.4 0.5 0.63
τ2 0.1 0.1 0.1 0.1

θ2 = {a, b} {2,2}

Holling-II parameter a = b

Table 14: Fixed parameters used in the numerical experiments
Parameter ax µ dx dy {z0, x0, y0} δ

Value 1.6 0.4 0.2 0.15 {2.0, 1.0, 0.5} 0.35
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Table 15: Lyapunov spectrum and KY-dimension–Scenario 1
Scenario 1 Spectrum (λi, first i ∈ {1, ..., 6})and KY-dim

I-a 0.06 -0.04 -0.2 -0.4 -0.85 - 2.1
I-b 0.04 0.01 -0.01 -0.03 -0.05 -0.07 4.2
II-a 0.09 -0.03 -0.3 -0.8 - - 2.2
II-b 0.03 -0.04 -0.4 -0.8 - - 1.75
III-a 0.4 0.05 -0.08 -0.3 -0.7 - 4.4
III-b 0.2 0.04 -0.1 -0.3 -0.8 - 3.33
IV-a 0.8 0.2 -0.03 -0.2 -0.5 -1.4 5.4
IV-b 0.8 0.3 -0.02 -0.2 -0.6 -1.3 5.5

Table 16: Lyapunov spectrum and KY-dimension–Scenario 2
Scenario 2 Spectrum (λi, first i ∈ {1, ..., 6})and KY-dim(rounded)

I-a 0.3 0.09 0.00 -0.03 -0.06 -0.1 7
I-b 0.3 0.05 0.00 -0.03 -0.06 -0.1 7
II-a 0.09 -0.00 -0.1 -0.3 -0.8 - 2.9
II-b 0.09 -0.01 -0.1 -0.3 -0.7 - 2.8
III-a 0.4 0.09 -0.08 -0.3 -0.9 - 5
III-b 0.3 0.08 -0.07 -0.3 -0.8 - 4.0125
IV-a 0.9 0.3 0.07 -0.2 -0.5 -1.4 5.4107
IV-b 1.3 0.5 0.16 -0.01 -0.18 -0.3 7.5583

Table 17: Lyapunov spectrum and KY-dimension–Scenario 3
Scenario 3 Spectrum (λi, first i ∈ {1, ..., 6})and KY-dim(rounded)

I-a 0.22 0.02 -0.06 -0.11 -0.18 -0.27 4.3888
I-b 0.23 0.00 -0.05 -0.10 -0.15 -0.2 4.5333
II-a 0.09 -0.01 -0.12 -0.35 -0.85 - 2.666
II-b 0.06 -0.02 -0.16 -0.37 -0.79 - 2.25
III-a 0.47 0.15 -0.02 -0.19 -0.39 -0.89 5.02247
III-b 0.26 0.04 -0.07 -0.30 -0.76 - 3.7666
IV-a 0.79 0.24 -0.02 -0.21 -0.49 -1.4 5.2214
IV-b 0.6 0.12 -0.15 -0.39 -1.18 - 4.1525
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